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Tema HOMepa: mHOrorpananku HbioToHa

Muororpannuky n ypaBHeHUs

B. A. Tumopun A.T. XoBancknii

BBEJOEHUE

B sroii crarhe 06CyK1aeTCA CBA3b MEXK/ly T'eOMeTpUeil BBIITYKJIBIX MHOI'O-
IPAHHUKOB C IIEJIBIMU BEPITUHAMY U IUCJIOM PEIIEeHU CUCTEM aredpaniecKux
ypaBHEeHUI. DTa TeMa OYeHb aKTHBHO pa3padaThIBAE€TCS B HACTOSIIECE BPEMS.
Omako GONBIMTMHCTBO HAYYIHBIX CTATEH MPEINOIAraloT OT THUTATENS BJIAJIE-
HHE XOPOIIIeii aJredpo-reoMeTprudecKoil TeXHUKOM. 31eCh Mbl XOTUM OOCYIUTD,
[TOJTB3Y$ICh 110 BO3MOYXKHOCTH 00JIee 3JIEMEHTAPHBIM S3BIKOM, TO, C U€r0 9Ta TEO-
pusi HAYNHAJIACh.

Harre usnoxkenne ocHoBano Ha paborax [1,2]|. Kpome Toro, mbr mpuBogum
HEKOTOPbIE dJIEMEHTapHbIC ITPUMEPDbI, CBA3aHHBIE C beH;[aMeHTaJIbeIMI/I IIPpUH-
[IUITAMY BBITYKJIONW reoMeTpun u ajredpandeckoil reomerpun. Hameemcd, uto
9THU HPUMEPHI JAlyT MOTUBUPOBKY JJIst JIAJTBHENIIIEro N3y YeHus Ipe/IMeTa.

1. MHOIOTPAHHUKU HBIOTOHA

KaxkoMy MHOrOWIEHy OT ABYX IEPEMEHHBIX MOXKHO COIIOCTABHUTH HAOOD
TOY€EK Ha [JIOCKOCTH. DTH TOUKH OY1yT NMETh [eJI0UNCJIEHHbIE KOOPIMHATHI, TO
ecTb NMpUHAIeXkaTh peméTke Z2. A umenno, MoHoMy uj'u$? OT TepeMeHHBIX
U1, Uz COIIOCTABIISIETCS TOUKA (1, arg). MHOTOWIEHY comocTaBiisieTcst Habop To-
Y€K, COOTBETCTBYIONIMX BCEM MOHOMAaM, KOTOPbIE BXOJSAT B JIAHHBINH MHOTIOYJIEH
¢ menynesbiME Ko3ddburmentamu. Hampumep, MHOrOUIeHy 2 -+ %1 — U3 COOT-
BercTByeT Habop m3 Tpéx rouek (0,0), (1,0) u (2,1). Habop nemouncirennbx
TOYEK, COOTBETCTBYIOIUI JAHHOMY MHOTOWIEHY f, Ha3bIBAETCH HOCUMENEM
MHOTO'JIeHa f.

MaTemaTundeckoe npoceeluerue, cep. 3, soin. 14, 2010(30-57)
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Y10 NPOUCXOIUT ¢ HOCUTEJISIMU TIPU YMHOYKEeHU MHOrOYwIeHoB? Hauném co
crydasi, Korja 06a MHOTOUWIEHAa — MOHOMBI. OYeBUIHO, €C/IM YMHOXKUTEH MO-
oM uSMu$? ma MonoM i ub? | To momyumTes Monom u'ul?, rae 1 = a1 + B
u vy = ag + (2. Hpyrumu cioBamu, To9ka ¢ = (7y1,72), COOTBETCTBYIOIIAs
POU3BEIEHUI0 MOHOMOB, SIBJISIETCSI CyMMOM ToueK a = (o, ag) u b = (01, B2).
ToukM MBI CKJIAIBIBAEM TIOKOODIMHATHO: KazK 1asi KOOPJAUHATA CYMMBbI SIBJISIET-

Ced CyIVIMOIU/I COOTBETCTBYIOIMUX KOOPpAWHAT TOYEK-CJlaracMbIX.

[TycTb Terepb Mbl IEPEMHOXKAEM J[BA MHOTOUJIEHA, HE SIBJISIEOIIUXCS MOHO-
Mamu. JIerko mpoBepuTh cieayrontyio dhopmyiy: ecin A; uw Ay — HOcHTETH
MHOT'OYJIEHOB f| U f2, COOTBETCTBEHHO, TO HOcUTe b A MHOTOUIEHA f1fo yi0-
BJIETBOPSIET BKJIIOUEHHIO

AC A+ As.

31ech B IpaBoil YacTu CTOUT cyMMa nByX MHOXKecTB. Cymma A1 + Ag ompeie-
JISIeTCsT KaK MHOXKECTBO BCEX TOUEK, ITPEJICTABUMBIX B BHJIE 4]+ a2, Tjie a € Aj,
u ay € Ay (9ra oreparust Ha3bIBAECTC CYMMOT MHootcecms no Munkoscrkomy).
Besikuit MoHOM M, BXOASAIINY B MHOTOWIEH f1fo ¢ HeHyJIeBbIM KO3 DUIneH-
TOM, MO2KHO 3aIIUCATh B BHJIE IIPOU3BEJIEHUST M 1Mo, TJE M1 U M2 — MOHOMBI,
BXO/JISIIIUE C HEHYJIEBBIMU KOIMDMUIIMEHTAMEI B PA3JIOXKEHUS] MHOTOWIEHOB f1 U
f2 coorBercTBenmo. Il0CKOMBKY YMHOKEHUIO MOHOMOB COOTBETCTBYET CJIOXKE-
HIe TOYeK B 72, OTCIO[a BLITEKAET BBIIHCAHHAA (DOPMYJIA [l HOCHTEJICH.

Bamernm, o/1HaKO, UYTO paBeHcTBO A = A + A9 cripaBe/InBO He JIJIS BCEX
MHOTI'OWJIEHOB, KaK MOKa3biBaeT caenytomuii npumep. [Tycrs fi(ug, ug) = ug +
+ ug, fo(uy,u2) = up — ug. Torma muOKecTBa A1 U Ao COBIAIAIOT U COCTOSIT
u3 jByx todek (1,0), (0,1). Cymma Ay + Ay cocrour u3 Tpéx todek (2,0),
(1,1) m (0,2). Ommako HocuTemb MuOTOUMeHA f1 fa(U1,Us) = U3 — U3 comepuT
TOJIbKO JiBe 13 HuX. Touka (1, 1) BeIIasaer 1o cjejayromeil IpuanHe: eé MOXKHO
[IPEJICTABUTD JBYMsI CIIOCODAMU B BUJIE CYMMBI a1 + ag, Ijie a1 € Ay, as € Ao,
COOTBETCTBYIOINE KO3(DMUIMEHTHI B3ANMHO YHUITOKAIOTCS.

Ecnu ke TOYKy @ MOXKHO TOJIBKO OJHHMM CIOCODOM IIPEJCTABUTL B BUJIE
a1 + az, toe a; € A1, as € As, TO TOUKa a 0bs3aTenbHO BxoauT B A. Hanpn-
Mep, BCe BEPINUHBI MHOIOYTOJIbHUKA, HATSAHYTOro Ha Aj + Az, yJI0BIETBODS-
IOT 3TOMY YCJIOBUIO (JIOKAXKHUTE 3TO FeOMETPUYIECKOe yTBepKIeHue!). D1o ojHa
U3 NPUYKH, 110 KOTOPOH y00Hel paccMaTpuBaTh He HOCHTEIb MHOTOUIEHA, a
€ro BBIIYKJIYI0 000JI0YKY (TO €CTh MUHHMAJBHBIA MHOTOYTOJBHUK, COIEPIKa-
Uil Bce TOYKN HOCUTEJIs). BhImykias 060I04MKa HOCHTEs HA3BIBACTCS MHO-
20y2onvrurom Hvromona. Tlpun nepeMHOXKEHUM MHOTOYJIEHOB X MHOTOYTOJIb-
nuku Hprorona ckiaapBaiores: ecim Ay u Ag — MHOTOyroabHuKu Hbiorona
MHOT'OYJIEHOB f1 1 fo, COOTBETCTBEHHO, TO MHOIOyroJibHUK HboToHa A MHO-
rousena fifo paBen

A=A+ Ao
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JIjist MHOTOY/IEHOB MHOTHX II€PEeMEHHBIX MOXKHO aHAJIOTHIHBIM 00Pa3oM
OIpeIeInTb MHozo2parHuk Hvromowna. MuOrorpanaunk HbioToHAa MHOrOU/IEHA
BCera siBJISIeTCsI BBILYKJ/ILIM MHOTOIPDAHHUKOM C IIE€JIOYNCIEHHBIMI BEPITHHA-
mu. [Ipn mepeMHOXKEHUN MHOTOYIEHOB WX MHOTOTPaHHUKN HbloToHa CKIaIbI-
BaIOTCs.

Mmuororpanank Herorona mocut nms 1. Heiorona mecrnpocta. HeioTon pas-
paboras crocod mpeicTaBIeHUs] AHATUTUIECKUX (PYHKIUHN, 33 IaHHBIX HESIBHO
(HampuMep, Kak peleHus ajredpandeckux mwin JuddepeHuaibHbIX ypaBHe-
HUIT), B BHUJE JIOKAJbHBIX CTENEHHBIX PSJIOB MO JPOOHBIM CTEIEHSM HE3aBH-
cuMoOli repeMmenHoii. Takue psijibl Ha3LIBAIOTCHA CTEIEHHBIMU psgaMu 11br030.
Meron HpioroHa ya00HO NPUMEHSITH, HOJIL3YsSICh MHOrOrpaHHUKOM HbioToHa
(xorst cam HbIOTOH HUKAKMX MHOIMOIDAHHUKOB He paccmarpusad). losroe Bpe-
MsI MHOTOTPAaHHUKN HbIOTOHA B OCHOBHOM HUCIIOIB30BAJIUCD JIsT U3y IEHUST JIO-
KaJIbHOI CTPYKTYPbI AaHAJIUTUYECKUX (DYHKIINNA B OKPECTHOCTIX 0COOBIX TOYEK.
Curyamus n3menmiach B 1970-e rozapl, Korma ObLIM 0OHAPYKEHBI TVIO0AIBHBIE
reoMeTpUIecKne CTPYKTYPhI, CBSI3aHHbIe ¢ MHOrOrpannnkamMu HeroToHa.

Mpmuororpannuk HeroTona mosiesen 1o cieyromieir npudnae. Mbl orpaHu-
YUMCsI [TOKa TOJIBKO 09eHb HepopMaIbHBIM 00bsicHeHneM. IIycrs f — dukcupo-
BAHHBII MHOTO4IEH ¢ MHOrorpanuukoM Hbiorona A. Beibepem touky x € C"
C OYeHb OOJIBIIMMU WM OYEHb MAaJIEHbKUMU IO abCOJIIOTHON BeJMYnHE KOOp-
nuHaTaMmu. [locanTaem 3HaUEHNsT BCEX MOHOMOB, BXOJISAIINX B MHOTOWIEH f, B
Touke x. Torma, ¢ BEpOATHOCTHIO, OJIM3KON K €IUHUIIE, OJUH U3 MOHOMOB BO
MHOTO pa3 (ckaxkeM, B 1000) 6osbiie, uem ocrajibable. HazoBéM Takoit MOHOM
2nasHoim. HeTpyaHo BHIETH, YTO TIJIaBHBIE MOHOMBI COOTBETCTBYIOT BepIIIH-
Ham MHOororpanauka A. Takum 06pasoMm, BEPIIMHBI UI'PAIOT CAMYIO BasKHYIO
pPOJIb IIPU M3YYEHUH aCUMIITOTUYECKUX CBOMcTB MHOrowieHa f. C HekKoTOpOi
BEPOSITHOCTBIO (BIIPOYEM, OJIM3KON K HYJIIO), MOYKET OKa3aThCsl TaK, UTO JIO-
MHUHHUPYIOT HECKOJBKO MOHOMOB. OJIHAKO BCE 3TH MOHOMBI OYIYT JieXKaTh Ha
rpaHnIle MHOTOI'PaHHUKa A.

SAIAYN

1. Ilycre A — BBIIYKJIBIA MHOMOYTOJIBHUK Ha IUIOCKOCTH ¢ KoopauHaramu (aq, ), a
I, ) = craq + caag — nuneiinag Gynkius. Beerma naiiéres Takasg BepHIIMHA U
MHOI'OYTOJIbHUKA A, 9TO

l(v) = r;leaicl(a).

2. Ilycth f — MHOTOWIIEH OT JIBYX KOMILIEKCHBIX IIEDEMEHHBIX U] U Uy C MHOTOYTOJIb-
nukoM Herorona A. Torga cymecryer Takasi kKoucranta C, aro ecan |log |uq || nom
|log |uz|| Gomnbie, gem C, To mast HEeKOTOPOH croponst I' MHOrOyrossauka A u jyis
J00bIX TOUeK (a1, ) € T, (81, 02) € T, umeer MecTo HEPABEHCTBO

[uStug?| > 100]uf  ul?|.
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3. JlokazkuTe, 4TO €cJid BEKTOPHI a1, . .., A, € R™ JuHEIHO HE3ABUCUMBI, TO CYIIECT-
ByeT Takas konctanta C' > 0, 9To 1y1s1 Bcakoro BekTopa b € R”

; > .
12?5"(@“ by = C|b|

3aecw (a,b) o3HAUAET CKAJISIPHOE NPOU3BEJIEHUE BEKTOPOB a U b, a |b| — myiuHy Bek-
Topa, b.

4. Tlycrb A — koneyHoe MHOXKecTBO To4eK B R™. CymecrByer koncranta C' > 0,
obJIaJatoIast CJIe YoM CBOMCTBOM: JIJIst BCIKOTO BeKTopa b € R™ Haiinércs Takoe
adpdunHOE mOIIpPOCTPaHcTBO A, uTo s Bcex a € AN A u maa Becex a’ € A — A
soinosaeno Hepasencrso (b, a’) < (b,a) — C|b|. Kpome TOro, MOXKHO CYMTATH, YTO
addUHHOE MPOCTPAHCTBO A MOPOXKIAETCS CBOUM MEPECEUYEHUEM C MHOXKECTBOM A.

5. Ilycrb f — MHOrOYIEH OT KOMILIEKCHBIX IIEPEMEHHBIX (U1, . .., Uy,) ¢ MHOIOTDAH-
nukoM Heiorona A. Badukcupyem mpoussosbhoe € > 0. Torma Haiigéres KoHcTanTa
C' €O cllefyonuM CBOMCTBOM: €CJIM JIJI KOMILIEKCHOIO BeKTopa (Ui, ..., U,) IJIUHA
sekTopa (log |u1l,...,log|uy,|) Gonbmie, uem C, To Hafigércst Takas rpaHb I MHOTO-
rpaHauka A, 94T0

[t B < efuSt L udn|

JUTst BCSIKOH TOukY (Qvq,y . .., @) € T 1 Besikoit Toukn (B, ...,0,) € T.

2. CYMMBbI KOHEYHBIX MHOKECTB

Jlns obbix aByx muoxkectB B R™ ompenenena nx cymma MuHKOBCKOTO:
olIpeJiesIeHne, JAHHOE B MIPEIBIIYIIEM pas3fiese, T0CTOBHO IEPEHOCUTCS Ha CIIy-
4Jail MPOM3BOJILHON pa3MEPHOCTH. DTa ONEpallds BaKHa HE TOJIBKO IIPU U3Y-
YEeHUU MHOTOYJIEHOB. B KadyecTBe «CiIydaiiHOro» mpuMepa pacCMOTPUM TaKOii:
pacmpocTpaHeHne CBeTa B OJHOPOJIHON, HO Hem30TpomHO# cpese. Ilycts wnc-
TOYHWK CBeTa TOMEIEH B HaYajI0 KOOpJAUHAT, a A; — CBETOBOE MATHO, 0bpa-
30BAaHHOE 3a BpeMsi t, TO €CTb MHOXKECTBO T€X TOYEK, B KOTOPbIE CBET YCIIEJ
nobparbest 3a BpeMst t. Ecom cpejia ojHOpoHa (TO ecTh eé cBoiicTBa He Me-
HSIFOTCsl [IPH TIAPAJIIEJILHOM [EPEHOCE), TO UCTOYHUK, IIOMEINEHHBIA B TOUYKY
x € R™, ocBerutr 3a Bpems t muoxkectBo x + Ay. Cormacno mpuamumy ['oit-
TeHca, MHOXKECTBO Ajts MOXKET OBITH MOIYIEHO CISAYIONIM 00pa3oM. B kaxk-
JIO#t TOYKE MHOYXKeCTBa Ay TOMEIaeTcst BOOOParKaeMblil « BTOPHIHBIN HCTOTHUK
cBeTay. MHOXKeCTBO Aiys €CTh OObEINHEHIE CBETOBBIX TISATEH 38 BPEMS S, TIO-
JIyYEHHBIX OT BCEX BTOPUYHBIX MCTOYHUKOB. BcrioMuHast onpejesenne CyMMbl
110 MUHKOBCKOMY, ITOJTydIaeM, ITO

Apys = Ar + As.

O6cy M HEKOTOPBIE CBOMCTBA Ollepaliui CyMMUPOBaHHst 10 MUHKOBCKOMY.
CyMMa MHOKECTB He 3aBHCHT HHU OT IIOPsIIKa CJIaraeMbIX, TO ectb A + B =
= B + A, HE OT TOrO, B KaKOil [OC/Ie/[OBATE/ILHOCTH IPOU3BOUTCS CYMMEIPO-
Banue, 10 ectb A + (B+ C) = (A + B) + C. 910 BbITEKAECT U3 aHAJIOTUIHBIX
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CBOWCTB OIEpAINU CJIOXKEHUsT TOUYeK. Kpome TOoro, ecjm, HeCKOJBKO 3JI0YIIO-
TpebJisist 0603HAUEHNAMU, 0003HAUNTDL depe3 () MHOXKECTBO, COCTOSIIEe TOJIBKO
U3 HavaJja KoopauHaT (TO eCTh U3 TOYKU, BCe KOOPJIUHATHI KOTOPOii HyJIeBbIE),
0 A+0 =0+ A nna moboro muoxkecrsa A B R"™. Eciu A — MHOXKecTBO
B R", a A — jeficTBUTeIbHOE YHCJIO, TO MHOXKECTBO AA OIpejessieTcss Kak
MHOKECTBO BCEX TOYEK BHIA

Aa = (Aay, ..., Aay),

rje Touka a = (ay, ..., a,) npoberaer Bce MHO)KeCTBO A. BoInossrorces: o6br4-
HbI€ paclpeJe/InTeJIbHbIe 3aKOHDBI

MA+B) =AM+ AB, (A +p)A=\A+ puA.

I’ECTB7 OJTHAKO, N CYIIECTBEHHDBIE PAa3/INIUA MEXK/Ty OollepallusaMU Ha/l TOIKa-
MU 1 ollepalusgdMMU Ha/ MHOXKEeCTBaMU.

SA1AUYU

1. ITycts A — nogmuoxkecTBO B R™. lokaxkutre, uro 24 C A+ A. I[Ipuseaure npumep,
KOIJIa BKJIIOYEHHUE CTPOroe.

2. Eciu muOX)ecTBO A BBITyKJI0, TO A + A = 2A.

3. Ilycte A — orpesok B R, a B — MHO>kKecTBO ero KoHIoB. Jlokaxkure, uro A+ B =
= A+ A=2A.

4. TIyers A — tpeyrosmsauk B R%, a B — MHOXKECTBO ero BepminH. JIOKazKuTe, ITO

2A+ B =2A+A=3A

5. Ilyctb A — BBITYKIBIIT MEOTOYTOTLHUK B R?, a B — MHOXkecTBO ero sepmmH. Jlo-
kakure, 910 2A + B = 2A 4+ A = 3A. Vkaszanue: BCAKAN BBIMYKJIbIA MHOTOYTOJIHBHUK
MOYKHO Pa30UTh Ha TPEYTOJbHUKH.

6. Iycte A — cumizeke B R™ (10 ecThb BblyKJias 060JOYKA MHOXKECTBA U3 1 + 1
TOYEK, HE CBA3AHHBIX HUKAKUMU adOUHHBIMYU COOTHONIEHUAME), & B — MHOXKECTBO
ero Bepmud. Jlokaxkure, uto nA+ B =nA+ A= (n+1)A.

MpsI BuiuM, 9TO, BOOOIIE TOBOPSI, CyMMa, MHOYKECTB He YJIOBJIETBOPSIET CBO-
cTBY cokparenusi, To ectb u3 A + C = B + C ue cienyer A = B. Onnaxo
BEPHO CJIETYTOIIIEE.

[TPEAIOXKEHUE 1. Ipednoaootcum, wmo A u B — npoussosvhvie Kom-
naxmuoie (M. e. 3aMERYMbBIE U 02PAHUMEHHDIE) NOOMHONACECTNEE NPOCTPAH-
cmea R™. Ecau A+ C = B+ C 044 HEKOMOPO20 KOMNAKMHO20 MHONCECTNEA
C, mo sunykravie 060404KU MHoocecme A u B coenadarom.

JIOKABATEJILCTBO. Omupenennm dyukimio H4: R? — R caemyromum 06-
pasom:

H -
Alw) = max(a.y),
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re (x,y) 0b603HAYAET EBKIINOBO CKAJSIPHOE IMPOU3BE/IECHNE BEKTOPOB T H Y.
Oyuknus H 4 vaswsiBaercss onophoti gynkyued muoxecrsa A. Herpynmo mpo-
BEPUTD, 4TO BBIMYKJIas 000JI0YKa MHOXKECTBa A COBIAAET ¢ MHOXKECTBOM BCEX
y € R" rakux, aro (x,y) < Ha(z) amsa Beex x € R™ (okazxKuTe 9T0 CBOIICTBO,
HNCXO/Idd U3 OIIpeaesICHUA BI)IHyKJIOfI O6O.HOLIKI/I KaK MHUHUMAJIbHOI'O BBIITYKJIO-
ro MHOXKecTBa, cozepxkaiiero A). Orcioa, B 9aCTHOCTH, CJIEYeT, YTO €CJind
onopHbe (DYHKITUH JBYX MHOXKECTB PaBHBI, TO COBIAIAIOT W BBIMYKJbIE 000~
JIOUKN 3TUX MHOXKecTB. Kpome Toro, mojb3ysiCh HPOCTEHINUME CBOHCTBAMU

MaKCUMyMa, HETPYIHO IMoka3aTb, uTo Harc = Ha + He. Touno tak e,
Hp.c = Hp + H¢. Orciona nosyuyaem, aro Hy = Hp, ciieioBaTeibHO, BbI-
IIyKJIble 000JI0UKH MHOKeCTB A u B cOBIaIatoT. O

3. I'pyvrnbl 'POTEHIUKA

B reopun mnpesacrapienuit n ajarebpandeckoil reOMETPUU OYEHb ITOJIE3HA
caeytorias Koucrpykius. [lycts E — HEeKOTOpOE MHOXKECTBO, 3JIEMEHTHI KO-
TOPOI'O MO2KHO CKJIaJIbIBaTh, HpI/IqéM CJIOZKEHNE KOMMYTAaTHUBHO, aCCOIIUATUBHO,
u 00JIaaeT HeUTPaJIbHBIM 3JIEMEHTOM, & BOT BBIYHUTAHME HE ompejesieHo. Ta-
K€ MHOXKECTBa HA3BIBAIOTCS KOMMYTATUBHBIME MOJIyrpylmnaMmu. Hampumep,
MHOYKECTBO BCeX (CKayKeM, KOHEUHBIX) MOJIMHOYKECTB PemiéTKku Z" co ciioxke-
HEeM 110 MUHKOBCKOMY oOpasyeT KOMMYTATHBHYIO IOJyrpyiiy. Bece Hemyre-
BbI€ MHOT'OYJICHBI OT 7. IIEPEMEHHBIX 00pa3yI0T KOMMYTATHUBHYIO MOJIYTPYIIILY
no ymaokeumo. (Kak Mbl yKe Buzen, MMeeTcsl TeCHAsl CBA3b MEXKJLYy ITH-
MU JBYMsl HOJIyrpyinaMn). Mbl XoTuM npeBparuThb noayrpyiiy E B rpyiy,
TO €CTb CAEJATh TaK, YTOOBI TaM OBbLIO OIpese/ieHO BbruuTanue. MoXKHO pac-
CMOTPeTh MHOXKeCTBO (DOPMaJIbHBIX pasHocreil a — b, a,b € E. 3nech a — b
O3HAYAEeT He Pe3y/IbTaT KaKOH-m00 olrepalym, MpoIeIaHHON Hal 3/IEeMEHTaMI
a 1 b, a IPOCTO HEKOTOPBI aOCTPAKTHBI OOBEKT, COTOCTABJISIEMBIN KaXK 101
nape (a, b). Ha MmHOKecTBe (hOpMATTBHBIX PA3HOCTEN MOYKHO OIIPE/IEJIUTh BbI-
TaHue: a UMeHHO, a — b munyc ¢—d pasuo (a+d) — (b+c¢), To ectb bopMasbHOIL
pasHocTH 3j5eMeHTOB a + d u b + ¢ mosyrpynnsl F. OaHako, HEKOTOpbie (Hop-
MaJIbHBIE PAa3HOCTH CJIEIYeT CUYUTATH COBIAJAIONIUMU, YTOOBI BBITOJHSIIUCH
OOBIYHBIE I'PYIIIIOBBIE 3aKOHBI, & UMEHHO a — b paBHO ¢ — d, eciu a +d = b+ c.
B gactHocTn, Bce popmasibHBIE PA3HOCTU BUIA G — @ OTOXKAECTBIIsIOTCs ¢ 0—0,
rie 0 — HedTpaJibHbIH 3jieMeHT nostyrpytisl F. [losyuennoe MaOX)KecTBO (hOp-
MaJIbHBIX Pa3HOCTell (C yKa3aHHBIM OTOK/IECTBJICHHEM) HA3BIBACTCS 2pYynnotl
I'pomendura nosryrpymmsr F. CaMa mosgyrpyiina 0To0parkaeTcst B CBOKO IPYIIILY
I'porenjuka: sjnemMeHT a epexouT B (hopMasibHy0 pasHocTb a — 0. 3ameTnm,
OJIHAKO, 9TO 9TO 0TOOparKeHue He BCeria MHbEKTUBHO.

Haitném, nanpumep, rpyuy ['poreruka fj1st Oy IPYIIIGI BCEX KOHEUHBIX
ITOJMHOXKECTB peméTku Z" ¢ omeparueil cioxkenns mo Muakosckomy. Todanee,
HaC MHTEpeCyeT He Bcs rpyima ['poTeHanka, a TOJbKO 00pa3 MOJyrpylibl B
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rpyme 'porenauka. Jlas Toro, 9Tobbl onucarh 3TOT 00pa3, HAM HYXKHO OT-
BETUTH HA TAKOIl BOIPOC: B KAKOM CJIyUae JIBa KOHEUHBIX IOJAMHOXKecTBa A u
B pemérku Z" npencTaBIsSiOT OJUH U TOT YK€ 3JIEMEHT rpytibl I'porennka?
Hpyrumu cioBamu, B kKakoM ciaydae A+ C = B+ C' st HEKOTOPOro KOHEYHO-
ro noamuoxkectBa C' C Z™7 OTBeT: ecii U TOJBKO €CJIM BBITYKJIbIe 0D0TOTKH
muOKecTB A u B conaaror. CrieroBaTesibHO, TpyIina ['poTeHnka HocuTeeit
MHOTOYJIEHOB COBMAIAET C TPyImoi ['poTeHmKa 1X MHOTOIpaHHUKOB HbioTo-
Ha. OKa3bIBaeTCsI, MHOTHE AJIredpanviecKie CBOMCTBA MHOTOYJIEHOB 3aBUCAT HE
OT UX HOCHUTEJIsl, & TOJBKO OT 3JIEMEHTa HOCUTEJIisl B rpymme ['poreHanka, a
3HAYUT, TOJBKO OT MHOTOrpannnka Heiorona.

JlokazaTeabeTBO CHOPMYTUPOBAHHOTO YTBEPKICHUST OMMMPACTCS HA TPEJI-
sioxkerne 1. VI3 91oro mpejijiosKeHusl CJIe/IyeT, ITO eCJii KOHETIHbIE TO/IMHOYKE-
ctBa A u B pemérku Z'" TpejCTABIAIOT OJUH U TOT YK€ SJEMEHT TPYIIILI
I'porenamka, TO X BBIMYKJIbIE 0O0JIOUKHI COBMAMaiOT. OCTATIOCHh JOKA3ATH, ITO
eciu A 1 B uMeroT 0IMHAKOBBIE BBIILYKJIbIE 00OJIOYKH, TO HANJIETCS TaKoe KO-
HewHoe mojaMuoxkectso C' C Z" uro A+ C = B+ C.

[TPEJJIOXKEHUE 2. [Tycmo A — 6unykavili MHO202PAHHUK  PA3MEPHO-
emu n 6 R, a V. — mmoorcecmeo ecex sepwun, muozoeparnura A. Tozda
(M+1)A = MA+V das mobozo deticmsumenvrozo wucaa M > n (3decv 3nax
cymmov, 06osnavaem cymmy no Munxosckomy, a MA — smo mnozoeparnuk,
noayuernuil us A 2omomemuets ¢ koappuyuenmom M u yenmpom 6 navane
Koopdunam).

JIOKABATEJIbCTBO. Ecau A — sro cumiuiekc, To, corjiacHo 3ajade 6 u3
pasnena 2, umeem (n + 1)A = nA + V. Crenosarenbro, mist jgo6oro M > n,

MA+V =nA+V)+ (M —-n)A=(n+1)A+(M—-n)A=(M+1)A.

Taxkum 06pazom, yTBEpKICHNE TOKA3AHO JIJTsT CIydast CUMILIEKCA.

B citygae nmpom3BOJIBHOIO BBIIMYKJIONO MHOTOI'PAHHUKA A MBI BOCIIOJIB3Y-
eMCsI CJIEJIyIOIUM (PaKTOM: MHOTOI'DAHHUK A MOXHO TPEICTABUTH B BUJIE
00bETMHEHNsT CUMILIEKCOB, BEPIIIMHBI KOTOPBIX SIBJISIIOTCST BEPITHHAMU MHO-
rorpananka A. DTo yTBep)KIeHWE HETPYIHO MOKA3ATh MO WHAYKINH. Kcim
KaxkJiasl I'paHb MHOrorpaHHuKa A pasmepHocTH 1 — 1 y2Ke peJICTaBIeHa B BU-
Jie obbeuHenust (n — 1)-MEpHBIX CUMILIEKCOB (BEPIIUHBI KOTOPBIX SIBJISIFOTCS
BEPITMHAMI MHOTOIPaHHUKA A), TO MOXKHO BBIOPATH HPOU3BOILHYIO BEPIIHHY
MHOIOIDaHHUKA A U COEJUMHUTDH €€ N-MepHbIMH cuMILiekcamu ¢ (n — 1)-mep-
HBIMU CHUMILJIEKCAMHU Ha TPAHAX MHOTOTpAHHUKA A, He MPOXOIAININX Yepe3 Bbl-
OpaHHYIO BEPIIUHY.

[Iyctb A siBiisteTcst 00beMHEHNEM N-MEePHBIX CUMILIEKCOB A1, . . ., Ay, npu-
96M MHOXKECTBO BepIUH V; cuMILIeKca A; sIBJISEeTCs MOJIMHOXKECTBOM MHOYKe-
crBa V. 3ameTrnm, 910

(AlU“'UAk)—i-V:(Al—i-V)U-"U(Ak—i-V).
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(B sTom cmbiciie, oneparun U u + Ha noaMHO)KecTBax B R™ Bemyr cebst Tak
2Ke 110 OTHOIIEHUIO JPYr K JAPYry, KaK ollepallud + U X Ha JIEHCTBUTEIbHBIX
quciax). Orciona ciemyer, 4To

MA+V DO (MA +WV)U---U(MA,+ V) =
=M+DAU---UM+1)A,=(M+1)A
HpOTI/IBOHOHO}KHOG BKJIIOYCHUE OYCBUIHO. O

JlokazaHHoe NpeijoXKeHne uMeeT Takoe ciejacrBue. Ilyctb A mw B —
KoHeYHbIe moaMHOoX)KecTBa B R™. I1pearnosioxKuM, 9To BBITYKJIbie 000JI09KH MHO-
xkectB A u B cosnagaror (u pasubl A). Torga cyriecrByer BBIMYKJIBIH MHO-
rorpanank C' C R™, takoit, uto A + C = B + C. A UMEHHO, MOXKHO B3STb
C=M A, rne M — pocTaTodHo 60JIbIIOE HOJIOKUTEILHOE IUCI0. II0CKOIbKY
Kak A, Tak u B, comep:KaT BCe BEPIIMHBI MHOTOI'DAHHUKA A, MBI IIOJLYYaeM
A+ MA =B+ MA = (M + 1)A 1o rokazaHHOMY IIpe/IoKeHnio. B camom

JieJie, eci V' — MHOXKECTBO BCEX BEPINUH MHOTOI'paHHUKa A, TO
M+1)A=V+MACA+MACA+MA=(M+1A

1 aHAJOTUYIHO JUIsI B.

Bepremcst K 10Ka3aTEICTBY HHTEPECYIOIIETO HAC YTBEPKIACHUST: €CJTH BbI-
yKJIble 060JI0YKH KOHEUHBbIX MHOXKeCTB A, B C Z" coBnajaror (n paBubl A),
TO Haiinércs Takoe KoHeuHoe MHOKecTBO C' C Z™, uro A+ C = B+ C. Mbl
snaeM, 40 A+ MA = B+ M A nnsa nocraro4uno 6osbinoro M > 0, no M A He
KOHEYHOE MHOXKECTBO, & MHOTOrpaHHUK. llycts C' — MHOXKECTBO BCEX IEJIBIX
touek muororpauuuka MA. Torna A+C = B+C. B camom zneine, eciu ¢ € C,
TO, B 9acTHOCTH, ¢ € M A u, 3HAUUT, JJIsT BCsikoro a € A, cymma a + ¢ npej-
crapisercs B Buge b+c', rne b € B, ¢ € MA. Ognako, IOCKOJILKY TOYKH @, b
U ¢ neJible, Todka ¢ = a+c— b Toxe nenad. Mbl gokazamu, uro A+C C B+C.
IIpoTrBOIIOIOKHOE BKJIIOUEHNE JOKA3BIBAETCS TOYHO TaK Ke.

Mpur qokaszasu, 94To rpyima ['poTeHuKa KOHEIHBIX TOIMHOXKECTB PEeIleTKH
Z" coBnagaet ¢ rpynmoit ['porennuka mHOrorpanHukoB HbioTona.

3AAYU

1. Ommmmre rpynnsl I'poTeHuKa, CJIe Iy ONUX Oy IPYIIIL:
a) KOHEYHbIC IIOJMHOXKeCTBa B R™ C onepauneﬁ CJIO2KEHU S I10 MI/IHKOBCKOMy,
6) HaTypaJIbHbIE YUC/IA C Ollepaleil IpOu3BeIeHus,

B) KJIACCHI ©30MOPMU3Ma KOHEYHOMEPHBIX BEKTOPHBIX IpocTpancTs Ha C ¢ ore-
parueil npaMoil CyMMBbI.

2. Hokazxkute, 4To rpymna ['poreH/uka KOMIAKTHBIX (T.€. 3aMKHYTBIX U OlDAHUICH-
HBIX) TMOMHOKECTE B R™ m3oMopdHa TpyTITe BeeX HelpepuIBHbIX (BhyHKImit Ha S™ 1
¢ omepanueil CJIoKeHus. Ykasanue: PACCMOTPUTE OIOPHBIE (DYHKIUH MHOYKECTB.
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4. HEJBIE TOYKHN B BBINYKJ/IBIX MHOI'OI'PAHHUKAX

Paccemorpum Beinykiisiii Mmaororpasank A B R™. KakoBa cBsi3b Mexkay A u
MHOXKECTBOM BCeX IEeJIbIX TOoueK B MHororpanauke A7 Mbl o0CyIuM HECKOJIb-
KO yTBEPXKJIEHU, yCTAHABJIUBAIONIUX 3Ty CBA3b. lIpocToe, HO oveHb BaxKHOE
HAOJIIOJICHUE COCTOUT B CJIEYIOIIEM:

TEOPEMA 3. Ilpu k — 00, 066ém mHozozpannuka kA acumnmomuieckuy
PABEH YUCAY UCABIT MOYEK 6 MHo202parHuKke k.

Hamomuum, 9T0 1j1st 7BE MOCJIEI0BATE/IHLHOCTU af U by MefICTBUTEIHLHDBIX
YHCENT ACUMNMOMUYECKY, PaGHbL, eCli ag /by crpemurces K 1 npu k — 00.

Teopema 3 BepHa 1o ciemyiomeil mpudanHe. PaccMOTpUM CTaHIapPTHBIH
n-MepHbIit Ky I, cocrosiimuii u3 Bcex TOUeK (v, .. ., Qyp) TAKUX, UTO

0<oy; <1, i=1,...,n.

C xaxk 1011 11eJ10#1 TOUKON a € Z™ MOXKHO CBA3aThb CABUHYTHIH Ky0 a + I. IlycTn
Ay — obbeguHenue Kybos a4 I 1o BceM IeJIbIM TOYKaM a MHOTorpaHHuka kA.
MuoxkectBa A 1 kKA OTIMYAIOTCS He OYEHb CHJILHO: pasindne HabJIomaeT-
Cs1 TOJIBKO CPeJIM TOYEK, PACCTOSTHIE OT KOTOPBIX JIO I'PAHUIIBI MHOIOIPDAHHIKA
kA me npesblmaer y/n, TO €CTb B 1/N-OKPECTHOCTH TPAHUIBI MHOTOIPDAHHUKA
kA. 3ameTnm, 9TO N-MEpPHBIH 06bEM R-OKPEeCTHOCTH IPAHUITBEI MHOTOTPAHHUKA
kA pactér kax (n — 1)-MepHBI 06BEM TpaHuIb, To ecTh Kak k" 1. Crejo-
BaTEILHO, 0OBEMBI MHOXKECTB kA m Ay MOTYyT OT/IMIaThCs He Oojiee deM Ha
O(k™1). Oxmnako camu 3Tn 06bEMBI pacTyT Kak k" (ccopmymmpyiire n jo-
KaxkuTe Oosiee TOUHOE yTBeprKeHue!). 3HAUNT, OHU ACHMIITOTUIECKH DABHBL.
Ocrajioch 3aMeTUTh, 9TO 00bEM MHOXKECTBa Aj paBeH UUCIY IEJIbIX TOUEK B
MHOrOrpaHuuke kA.

JomycTnMm, 9T0 Bee BEPIUHBI MHOTOTpaHHUKa A — Tiesible TOUKU. B aToM
caydae A Ha3BIBACTCS UEAOUUCAEHHbIM MHO202parHuKom. Hampumep, MHOTO-
rpaHHrK HBIOTOHA JIIOOOTN0 MHOTOWIEHA — IEJOYUCIEHHBII MHOIOIDAHHUK.
O603naunM yepe3 A MHOKECTBO BCEX TIEJIBIX TOUeK B MHOrorpanuuke A. Omnpe-
JIeJIM MHOXKeCTBO k * A Kak cymMmy MuHKOBCKOro k Kommii MHOYKecTBa A. 3a-
MeTHM, 9TO, BoobIe rosopsi, kA # k x A. DTo BUIHO Iarke HA OJHOMEPHOM
npumepe A = [0,1], A = {0,1}. B srom npumepe 2x A=A+ A=1{0,1,2}, a
2A = {0,2}. C apyroii cTOpOHBI, MHOKECTBO k * A, OUE€BUIHO, JIEKUT B MHO-
rorparauke kA. K coxkajileHno, HEBEPHO Tak:Ke U TO, YTO MHOXKeCTBO k * A
COBIIAJIAET ¢ MHOYKECTBOM BCEX IIEJIBIX TOYEK B MHororpannuke kA. Pacemor-
pUM, HampuMmep, MHororpannk (terpasap) A B R? ¢ sepmmmamu (0,0,0),
(0,1,1), (1,0,1) u (1,1,0). Moxno nokasarb, uro Touka (1,1,1) npunamie-
JKIT MHOIOI'DAHHUKY 2\, HO He IPHHAIEsKUT MHOKeCcTBY 2% A, rie A = Z3NA
(eM. TakzKe 3ajgady 3 B pasmese 8). Boobmie, nukakas Touka n3 Z3, cymma Ko-
OpJINHAT KOTOPO# HedETHA, He MOXKET JIeXKaTh Bo MHoxkecTBe k *x A. OmHako
IMEET MECTO CJICAYIONIas TeopeMa:
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TEOPEMA 4. Ilycmos A — uesowucaerHuli mrozoeparnux ¢ R™ a A —
HEKOMOPOE MHOIHCECNBO UELABT MOdeK 68 MHo2ozpannure A, nopooicdarowee
peweémxy 2" Kax epynny no CAOHCEHUIO U COOCPHCAWELE 6CE GEPUIUHDL MHO-
20epannura A. Cywecmsyem xoucmanwma p > 0, obaadarowas ciedyrouwsum
ceoticmeom: npu a06om yesom k > 0 kaosicdaa yeaaa mouka MHo202DAHHU-
Ka kA, omemoawas om 2panubl 3mo20 MHO202PAHHUKG Ha PACCMOAHUE = P,
npunadaedrcum mmoocecmey k x A.

Y TBepKaeHNEe ITON TEOPEMBI SIBJISIETCST MHOTOMEPHBIM 0000IIIEHNEM CTAPO
3ajadn Mpo TPEX- U HATUPYOJIEBbIE KYIIOPbI: H0KA3aTh, U9TO JIOOYIO IETYIO
cyMMy pybuieil, HaumHas ¢ 8, MOXKHO HAOpPaTh, UCIIOJIb3Ysl HCKIIOUYNTEIbHO KY-
ITIOPBI JIOCTOMHCTBOM 3 1 b pyOJeit. B Hacrosiee BpeMst Takas (hopMyImpoBKa
oTepsijia aKTYaJbHOCTh.

3A0AYU

1. IlycTs aq, ..., Gn — TOJOXKUTENBHDIE TEbIE TNCIa, He MMEIONTNe HeTPUBUATILHBIX
obmux geaureseit. Torma HaAETCS 1Me/I0€ TOJTOKUTEIHHOE IUCIIO 1, TAKOE, ITO BCAKOE
1eJI0€e YUCJIO @ 2> M TPEJICTABIIAETCS B BUJIE

a=Aay+- -+ \ay,

JIJIST HEKOTOPBIX IEJIbIX HEOTPUIATEIBHBIX UUCET A1, ..., An. Yka3anue: Ilyctb s =
= a1 +- -+ ay. Begkoe mesoe 1ucesio B oTpeske [—s, | IpeacTaBisieTcst B BUE JTUHEH-
HOI KOMOWHAIUU YUCET A1, ..., G, C HeJbiMu Kodbdunuentamu. Obo3HATINM Uepe3
M 110J103KUTEJIBHOE TIEJI0 THCIIO, IIPEBOCXOISAIIEE MOILY/IN BCEX 9TUX KOI(DDUIMEHTOB.
Torna MoxkHO B34Th M = M s.

2. IlpuBesure npuMep TPEXMEPHOTO MHOIOIpaHHUKA A €O CJIEIYIOIMUMU CBOHCTBA-
MI: MHOYKECTBO A BCex IeJIbIX TOUeK MHOTOTPAHHHUKA A IIOPoXkKIaeT PenéTKy Z°3 Kak
CPYLILY 10 CJIOXKEHHUIO, HO He BCE IEeJble TOYKM B MHOIOTDAHHUKE 2/ IPUHAIIeKAT
MHOXKecTBY 2 * A. Vkasanue: paccmorpure Terpasap A B R3 ¢ BepumHaMu (0,0,0),
(1,2,2),(2,1,2) u (2,2,1). Dror Terpasap 3aJaéTcs TAKONH CUCTEMOIT JMHEHBIX Hepa-
BEHCTB Ha KOOPAUHATHI (1, (ig, (¥3):

ar+as+ a3 <5, 3a; < 2(o; +oy) npu i # j # k.

Bce nesibie Toukn Muororpannuka A nosydatorcs u3 rouex (0,0,0), (1,1,1) u (1,2,2)
[IEPECTAHOBKAMU KOOPAMHAT (TakuM O6pa3oM, BCEro MHOIOTpaHHUK A cojepxkur 5
mesbix Touek ). Ilyers A = Z3NA. MuoxkecTBo A TOpoyK1aeT peméTKy Z2 Kax rpyTiry
1o caoxkenuo. Touka (3,3, 3) HpuHAIIIEKUT MHOTOIPAHHUKY 2/\, HO He COIEPIKUTC
BO MHOXKecTBe 2 * A.

3. [lycrp A — KOHEUHOE TIOJAMHOXKECTBO B Z'', KOTOpPOE TOPOXKAaeT perérky Z™ Kak
CpyHIy OTHOCUTEILHO ciioxkenusi. CymectByer koncranta C' > 0, objagarommast cJie-
JIYIOIITUM CBOMCTBOM: JIJIsT BCSIKOW JIMHEHHOW KOMOWHAITAM

b:Z)\aa

acA
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9JIEMEHTOB MHOXKecTBa A ¢ jeiicTBuTenbHbIMUu KOdddurmentamu A, € R, KoTopas
OKAa3bIBAETCS IEJIOUUCIEHHBIM BEKTOPOM, CYIIECTBYET JIMHEeHAS KOMOMHAIIMS

E NqQ

acA

¢ nesbivMu Koadbdunmentamu n, € Z, paBHas b u Takas, 9To |\, — Ng| < C mis Beex
a € A. Ykaszanue: paccMorpuM BbIIyKIyio obosouky II muoxecrsa {0} U A. Beskyio
nesyio To4Ky u3 1l MOXKHO IIpefCTaBUTh B BHJE IEJOYMCJIEHHON JIMHEHHO! KOMOU-
Halmu dj1eMeHToB MHOXKecTBa A. C Apyroit cTopoHbI, BEKTOP b MOXKHO IIEPEBECTU B
MHOTOTPAHHUK I, BBIYATAS MOJIXOJSINYIO TEJIOUUCICHHYIO JTMHEHHYI0O KOMOWHAIMIO
3JIEMEHTOB MHOXKecTBa, A.

4. Tlyctb A — KOHEYHOE TMOJMHOXKECTBO B Z', cojepKalliee Ha4aja0 KOODJUHAT U
opozK/Iatoree peméTKy Z'™ kak rpymuiry 1o ciaoxkenuio. Obozuaunm depe3 A BBIITYK-
ayto obostouky muoxkecrBa A. [lycrs C' — koHcTanTa, dburypupyiomnias B 3aj1ade 3, a
k > 2C — nenoe uncyo. Onpegemum A(k, C') KaK MHOXKECTBO BCEX JIMHEHHBIX KOMOU-

HaIUit
> Aat

a€cA

rakux, 9ro C' < Ay < k — C jst Beex a € A. Torma A(k,C) — BBIILYKJIbIA MHOTO-
IPaHHUK, cojepzKalnuiics B MHororpanauke kA. JJokaxkure, 94To BesKas Lesas TOYKa,
muororpannuka A(k, C') nexur B k * A.

IIpuBenennble BBIMIE 337a49u JTIOKa3bIBAIOT TeopeMy 4. Temepb 3 Teopem 4
7 3 BBITEKAET CJeYIONNil Pe3yIbTaT.

TEOPEMA 5. Ilycms A u A — maxue orce, xax 6 meopeme 4. Tozda wucro
mouex 60 mnoocecmee k* A acumnmomurecku pacHo 005EMY MHO202DAHHUKG
kA npu k — oo.

5.(hHHEEIKMKDKEHHELIAHCKPHMHHAHT

B srom pazzesne Mbl 06CYIUM CMBIC CJIEAYIOIIETO BhIPpaXKeHHUsI: «HEKOTO-
poe ycjoBue BBITIOJHsIeTCsT Ajist Touku 2z € C™ obmiero nosoxkennsy. Haaném c
3JIEMEHTAPHBIX MTPUMEPOB. PaccMOTpuM KBaIpaTHOE YPAaBHEHNE OT OJHOM KOM-
IIJICKCHOH IIepeMeHHO ¢:

at> + bt + ¢ = 0.

Koadhdunmentsr a, b, ¢ 9roro ypaBHeHus: pacCMaTPUBAIOTCS KaK [IapaMeTPhI.
Boobiiie roBopsi, 3T0 ypaBHEHHE MMeeT POBHO J[Ba KOMILIEKCHBIX KOpHsi. O-
HaKO MMEIOTCS MCKJIIOUEHUsl. A MMEHHO, BCTPEYaloTCsl YPaBHEHHUsI, Y KOTOPBIX
TOJILKO OJMH KopeHb. Hanpumep, ypasuenue t? — 2t +1 = 0 uMeeT e UHCTBEH-
HBIII KOopeHb ¢t = 1, Tak ke, Kak u ypaBHenue t — 1 = 0, B kotopom a = 0.
Ecnu xe Bce K03 dunmenTsl paBHLI HYJIIO, TO KOPHEHl O€CKOHEIHO MHOIO —
BCE KOMILJIEKCHBIE YUC/IA ABJISIIOTCA KOPHIMU.
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ITocMoTpuM, B KaKUX CJIydasiX BBINMCAHHOE YPaBHEHNE UMEET HEIPABUJIb-
HOe, TO €CTb OTJUYIHOE OT 2, UUCJO0 KOPHeH. DTo mpoucxoauT, korma ¢ = 0
(To ecTh ypaBHEHHe OKa3bIBAeTCA JIMHEHHBIM), a Takxke Korma b2 = 4ac
(To ecThb JieBasg YaCTbh ypPaBHEHHsI OKA3bIBACTCS MOJTHBIM KBAJIPATOM). DTH
JIBa YCJIOBHUSI BbIpAXKaioTcss paBeHcTBaMu. [loHATHO, UTO, Hampumep, IpH
cliydaiiHoM BbIOOpe KO3(MDPUIMEHTOB a, b, ¢, BEPOSITHOCTHh BBLITOJIHEHUST STHUX
pPaBeHCTB HyJieBas. B 3TOM cMbIcjie, MBI TOBOPHM, YTO IPHU 00wem evibope
Koapuruenmos, WM, UTO TO JKe camoe, eciu Touka (a,b,c) € C3 maxo-
JIUTCSA B 00WEM MOAOHCEHUU, PACCMATPUBAEMOE YPaBHEHHE UMEET POBHO JIBa
KOPHSI.

Ewmé omun mpumep NoCTaB/ISeT CUCTEMa U3 JABYX JIMHEHHBIX ypaBHEHUI
OT IBYX HEU3BECTHBIX, KOI(MPUINEHTHI KOTOPOl pacCMaTPUBAIOTCI Kak Iapa-
METPHBI. B 60.HBH_H/IHCTBG C.quaeB TaKagd CHUCTEeMa MMeeT POBHO OJHO PEIIeHUue.
Ho ecim, ckarkem, Bce KO3 PUITMEHTHI OJIHOIO U3 yPABHEHUI HYJIEBBIE, TO Pe-
meHnii 6eckoHeyHo MHOro. omycrumM, uro oba ypaBHEHHUs HeHyJeBble. Torma
KazKJ10€ U3 HUX OIINChIBAaET HpHMyIO Ha IIJIOCKOCTHU (CQ. MO)KeT TaK C.Hy“H/ITbCH,
9TO COOTBETCTBYIOIIHNE JBE IIPpsAMBIE ITapaJiJieJIbHBI, 1 TOT'Zla CUCTEMa HE nMeeT
pemennii. OnHAKO HapaslIeIbHOCTD IPAMBIX BBIPAXKAeTCsl HEKOTOPBIM aJired-
pPamYecKUM PABEHCTBOM Ha KO3(MMUIIMEHTHI, ¥ MBI OISITh MOXKEM CKa3aTh, UTO
B cjydae OOIero IMoJIOXKEeHUsI, paccMaTpuBaeMasi CUCTeMa NMeeT POBHO OJTHO
pelIeHue.

Boobrire-To, MmareMaTuku He JIFOOAT UCKIIOUECHUN U MBITAIOTCS (DOPMYIHPO-
BaTh YTBEPXKIEHMS TaK, YTOObI UCK/IOUeHui He 6bL10. Hanpumep, cunraercs,
uro ypapnernmne (t — 1) = 0 mmMeeT He OJWH KOPEHb, a J[BA COBIIAIATOTIX;
a ecm Kod3bdunuenT a B ypasaeruu at’ + bt + ¢ = 0 o6paImaercs B HYJIb, TO
FOBOPAT, YTO OAMH U3 KOPHEH yXOIuUT Ha GeCKOHEeYHOCTh. AHAJOTMYHO, €CJIU
IpsIMBIE TTapaJlJIeIbHBI, TO OHU IepeceKaroTcss Ha OeckoHewHoCTH. 11om00HbIH
oxo, TpebyeT yTOUYHEeHUS MOHATHUS <«<IUCJIO KOPHE», a TaKXKe pacIIupeHue
TOIO MHOXKECTBa, K KOTOPOMY MOI'YT IpHHAaJJIe’KaTh KOpHU. Ho 3T0 apyras
HCTOPHSI.

B obmiem ciryuae, Mbl Oy1eM IOBOPUTH, UTO HEKOTOPOE CBORCTBO BLIIIOJIHEHO
st Todek z € C" ob1mero noJiozKeHusi, ecjim CyIecTByeT HEHYJIEBONW MHOIO-
wred D aa C™ takoii, 9T0 BCe TOUYKH Zz, JJIsI KOTOPBIX CBOWCTBO HE BBITIOJIHSIET-
cs1, yaosiaersopsiior pasencty D(z) = 0. Hanpumep, Bee Touku (a, b, c) € C3,
11 KOTOPBIX HEBEPHO, YTO ypaBHeHue at’+bt+c = 0 umeeT POBHO JBa KODHS,
YJIOBJIETBOPSIIOT PABEHCTBY

a(b® — 4ac) = 0.

Muorowien D, obpamaromuiicad B HYJb BO BCEX UCKJIOYUTEJIHHLIX TOYKAX,
OOBIYHO HA3BIBAETCA QUCKPUMUHAHTOM. TakuM 06pa3oM, JJjist BCIKOIO yTBEp-
JKJICHUSI, CIPABEJIMBOTO B ODIIEM IOJIOKEHUU, UMEETCsI CBOM JUCKPUMUHAHT.
3amMernM, 9TO MBI He TpebyeMm, YTOOBI MHOXKECTBO MCKJIFOUUTEIBHBIX TOYEK
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COBITAIAJIO C MHOXKECTBOM HyJiell auckpuMmuHaHTa. Tpedyercs: TOJIBKO, ITOOBI
IIepBOe MHOKECTBO OBLIO MOJMHOXKECTBOM BTOPOTO.

IIpuseném ciienyomuii pe3yabrar, yeTaHaBJIMBaIONINI CyIIIeCTBOBAHNE JIUC-
KPUMHUHAHTa B HEKOTOPOM YaCTHOM CJIydae:

TEOPEMA 6. Paccmompum npouseosvHoe 4Ucao m muoz2o04senos P, ...
P, om n KOMNAEKCHOIT NEPEMEHHBIT, KOIPHUUUEHNDL KOMOPHLL 3A8UCAM, NO-

AUHOMUGADHO O, KOHEUHO20 HUCAL KOMNAEKCHBIT NAPAMEMPOS C1, - . ., Ck. 1o-
2da cyutecmeyrom dea mmozouserna D u D, om c1, ..., ¢k co caedyrowumi
ceoticmeamu. Ecau cucmema ypasrenudi
P =0,
)
P,=0
cosmecmua 6 (C — 0)" (mo ecmv umeem xomsa 6ve 00H0 pewerue, HU 00HG
Koopdurama Komopozo He obpawaemcs 6 wyav), mo D(ci,...,cx) = 0. Ecau
orce D(c1,...,c) =0, no Dy(ci, ..., cp) # 0, mo swnucannas cucmema ypas-
nenuti coemecmna 6 (C—0)". Haxoney, cywecmeyem Habop KOMNACKCHOLT YU~
Cen Cly ..., Ck, HG KOMOPOM MHO204AeH D obpawsaemcs 6 Hyasv, a MHO204ACH
D, — nem.
Mrmuorousnen D nasbiBaeTcs pe3yabmanmom cucremol P = --- = Py, = 0.

Teopema yTBep:K/1aeT, rpyOO0 TOBOP#, YTO BCE TOYKH B IIPOCTPAHCTBE IIapaMeT-
poB, st KOTOpbIX cucreMa coBMectHa B (C — 0)™, yI0BIeTBOPSIIOT PABEHCTBY
D = 0, a moutn Bce TOUKH, Jyigd KOTOphiXx DD = 0, 3aJ1al0T COBMECTHBIE B
(C — 0)" cucrembl. 3amernm, 9T0 MHOro4IeH D MOXkKeT ObITh TOXKJIECTBEHHO
paBeH HYJIIO.

Mpsr He OyzieM JIOKa3bIBATH TeopeMy 6, XOTsI CYIIECTBYIOT BIIOJTHE 3JIEMEH-
TapHble €€ JI0Ka3aTebCTBA, OCHOBAHHBIC HA OIEPAIUU JeJIeHUs MHOTOUJIEHOB
¢ ocrarkoM. IIpocro jokazaresibcTBO 3aHSAIO0 OBl JIOCTATOYHO MHOI'O MECTa U
OTBJIEKJIO OBl HAC OT OCHOBHOU crokeTHO# Jsimauu. Ho MbI mpousutocTpupyem
9Ty TeOpeMy Ha MpOoCTelmux npuMepax. PaccMOTpuM KBajpaTHOE ypaBHEHUE
t? = ¢ (uam, 9o SKBUBATEHTHO, 12 —c = (). OHO NMeeT pereHns Ipu JTIO6OM C.
Opnnako, npu ¢ = 0 eIMHCTBEHHOE pellleHne paBHO HyJr0. Takum 06pa3soM, MbI
moxkeM B3saTb D(¢) = 0, Di(c) = c¢. Paccmorpum Tenepb cucremy u3 JIByX
YPaBHEHUII OT OJHOI HEU3BECTHOM:

t2:01, t3:CQ.

Mpbr TOXKe MOrJIi OBI JIETKO IEePerncaTh 9Ty CUCTEMY TaK, UTO B IIPABOl JTacTH
CTOsIIN OBl HYJIM. DTa CUCTEMa UMEEeT peleHue (U IPUTOM TOJIBKO OJ[HO), €CJIU
cg = cil)’. Onnaxko, ecu ¢; = ¢g = 0, To perierne paBHo Hy0. TakuMm obpaszoM,
MBI MOKeM B3aTh D(c1,c2) = ¢3 — ¢, Di(c1,c2) = cy.
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6. TEOPEMA KVIIHUPEHKO

OpHO U3 3aMedaTeIbHBIX TVIODAJbHBIX CBOMCTB MHOrOrpaHaunka Hbiorona
COJIEPYKUTCS B CJIEIYIOIIEN TeopeMe:

TEOPEMA 7 (KVIIHUPEHKO [3]). Paccmompum cucmemy nosuHoMua-
HOLT YPABHENUTL € KOMNAEKCHOLMU KoIPPuyuernmamu

o1(uty ..y un) =0, ...y @plul, ... uy) =0.

IIpednonootcum, wmo 6ce MHOLOUAEHBL ©; UMENOM 00UHAKOBHLE MHO202PAHHU-
xu Hotomona A, u ux xospduruenmol Haxodsmes 6 obuwem nososrcerun. To-
2da cucmema umeem posno n!Vol(A) pewenuti 6 (C — 0)", m. e. xomnaexc-
HOLT pewenuts (U, . . ., Uy ), YOOBAEMEOPANOUUL YCAOBUIO U1, . . . , Uy 7 0. 3decw
Vol(A) obosnawaem n-mepnuiti 06sém mrozoeparnura A.

To, aT0 K03 PUIMEHTH CHCTEMBI HAXOIATCS B OOIEM IOJOXKEHUN, TOBO-
put BOT 0 ueM. MbI dukcupyem nesioduciennbii Maororpanank A. Jloboit
MHOTOUJIEH, MHOTOTpaHHUK HbioToHa KOTOPOTO CcoBmaaaeT ¢ A, uMmeeT BU/T

Z Aa?,

aEANZ"
e a = (aq, ..., ap) Tpoberaer Bee Iesble TOYKNA B MHOrOrpananke A, a % —
510 MOHOM uj! ... uf" (Mbl 0Go3HAavYaeM uepe3 x Touky u3 C" ¢ KoopjuHaTa-
MU U, ..., Uy). Takum 06pa3oM, MHOMOWIEH ¢ MHOrOrpanaukoM Hporona A

OIHO3ZHAYHO 3a1aéTcst HAOOpOM KO3 PUIMEHTOB A,. MHOrowIeH obIero mo-
JIOZKEHUsI ¢ (PUKCUPOBAHHBIM MHOTOI'paHHUKOM HbfoToHA A — 9T0 MHOTOYJIEH,
Habop KO3 PUIIMEHTOB )\, KOTOPOTI'O HAXOIUTCS B OOIIEM IOJIOXKeHun. Teope-
ma Kynraupenko, Takum 06pa3oM, BBINOJIHEHA [IJIsi BCEX CHCTEM YPaBHEHUN ¢
MHOTIOIpaHHMKOM HbroToHa A, eciii TOJIBKO KO MUIUEHTHI 3TUX YPaBHEHUI
HE YJOBJIETBOPSIFOT HEKOTOPOMY HETPUBUAJILHOMY AJINeOPAnIeCKOMY COOTHO-
HIEHUIO.

3aMeTnM, UTO YCJIOBHE U1, . .., U, 7 0 cymecTBeHHO. Jlego B ToM, 9TO IJIst
MHOI'MX MHOTOIPAHHUKOB A, Kak Obl Mbl HU BLIOMpaJN KOIMMUIMEHTHl MHO-
TOYJIEHOB (p; C MHOTOIPaHHUKOM A, Beerjia Oy/IyT HEM30UPOBAHHBIE KOPHU B
00'beIMHEHNH KOOPJMHATHBIX IUIOCKOcTell. Bostee Toro, ouens 4acTo Bce TOYKHU
npoctpancrBa C™, y KOTOPBIX XOTsT ObI O[HA KOOPIUHATA 0OpAIaeTCsl B HYJIb,
CJLy?KAT PElIeHUsIMU PACCMaTPUBAEMOil CUCTEMBI (OIIpeJIe/InTe, KAKUM yCJIOBH-
SIM JIOJIZKEH YJIOBJIETBOPSTH MHOrOrpaHHuK HboTOHA, 9TOOBI 9TO GBLIO TaK).
Bupouem, ecim HadaJI0 KOOPJIMHAT COJIEPXKUTCS B MHOrOrpaHHuke A, Tpebo-
BaHUE U1,...,Uy, # 0 MOXKHO yOparh. EcTh, ogHaKo, emg ogHa, IyThb OoJiee
KOHIETITYaIbHAasl, TPUINHA, 110 KOTOPOi TpeboBaHue Ui, ..., U, 7# 0 sBiseT-
cst ecrecTBeHHBIM. Jleso B TOM, 9TO IIpu TaKOM TpebOBaHWU, NapaJsiebHbII
IepeHoc MHOTrOTrpaHHuKa HBIOTOHA He MeHsIeT Iucja KOpHeEH.
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B Teopeme KymHMpeHKO MOXKHO pacCcMaTpPUBATH HE TOJBKO MHOTOUJIEHHI,
HO U MH0204AeHd, JIopaHa, TO eCTh JIMHEWHbIe KOMOWHAITMH MOHOMOB BHJIA
uit - ... uf™, B KOTODBIX (v — IieJIble YHCJa, HO He 00sI3aTe/IbHO MOJIOZKU-
Tesbabie. Muororpannnk Hbrorona muorousena Jlopamna ompenensgercsa Tod-
HO TaK 2Ke, KaK 1 MHOI'OI'DaHHUK HI)IOTOH& MHOI'OYJI€HA. KOHeqHO, TeopeMa
Kymaupenko gy maorouwieHoB JlopaHa sBisiercst (pOpMAaIbHBIM CJI€ICTBU-
eM TeopeMbl Kymnupenko gy MHOrodwaeHoB. OmHako, JUid JabHENIero He
nMeeT CMBIC/Ia OI'paHMYINUBaTbCA TOJIBKO MHOI'OYJIEHaMU, HOCKOJIbe BCe, 9TO
MBI CODMpaEMCcs CKa3aTh, B TOW YKe CTEIEHHU CIPABEJJINBO U JJIsI MHOT'OUJIEHOB
Jlopamna.

B 3100t cTaThe MBI HAMETHM OIHO U3 JOKA3aTEIbCTB TeopeMbl KyITHUPEHKO
(B HacCToOdIIee BpeMd NMeeTCs Iapa JECATKOB IIPOCTBIX JTIOKA3aTEJILCTB, NCIIOJIb-
3YIOIINX Pa3/IMYHble UIEN; OJHAKO, KOrJa TeopeMa Oblia BIEPBBLIE JTOKA3aHA,
oHa ObLTa CJIOYKHBIM [EPEIOBBIM PE3YJILTATOM ).

BAILA‘{I/I ITocTpoiiTe siBHBIE TPUMEPDI CUCTEM yPABHEHUI ¢ MHOTOTPDAHHIKOM Hbro-
roHa A, umerormux posHo n!Vol(A) kopreit B (C — 0)”, rae B KadecTBe A B3ATHI
cJIeIyIoIye MHOTOIPAHHUKHA Pa3MepPHOCTH 1

1. KoopmunartHbii cumiieke B R™, 3a/aHHbIA KaK MHOXKECTBO TOUEK (..., Qy,),
VAOBJIETBOPAIONINX HEPABEHCTBAM

ay,...,0n 20, ar+--+a, <m.

S,ZLer m — IIOJIO?KHUTEJIbHOE IIEJIOE YHCJIO.

2. Koopaunarneiii ky6 B R™, 3a7aHHblil KAK MHOXKECTBO TOYEK (1, .. ., Qy ), YIOBJIE-
TBOPSIFOIIUX HEPABEHCTBAM

0<o, <m, i=1,...,n.

3nech m — MOJOXKUTEIHHOE IEJIOE TUCIO.

3. IMapaenorpamm B R? ¢ BepImuHOil B HyJle, HATAHYTHIA Ha, MEJOYNCICHHbIE BEKTO-
pot (a,b) u (¢, d) (BepmHbl 3TOrO0 MapaJLIeIOrpaMma — To9KU ¢ Koopauuaramu (0, 0),

(a,b), (¢,d) u (a+¢,b+d)). 3mece n = 2.
4. Tpeyromnbuuk ¢ sepmuaamu (0,0), (a,b) u (¢, d).

5. Bocemuyrombank B R? ¢ sepmumavu (1,0), (2,0), (3,1), (3,2), (2,3), (1,3), (0,2),
(0,1).

SameTnM, 9TO U3 TeopeMbl KyIIHUPEHKO BBITEKAET, B 9aCTHOCTH, CJIEJTyIO-
Imee KadecTBeHHOe yTBepKaeHne. CyIecTByeT 1esioe HeOTPUIIATETHHOE THCITIO
d Takoe, 4TO Jii0basi cucTeMa ODIIEro MoJIOYKEHUsI ¢ MHOTOrpaHnHuKoM HbioTo-
Ha A umeer poBHO d KopHed. DTO yTBEPKIECHUE SIBJISIETCS OTparKeHueM 00-
IMero TPUHITAIA — OJHOTO M3 CAMBIX OCHOBHBIX He(OPMATHLHBIX MPUHITHIIOB
KOMILJIEKCHOH aJireOpanvecKoil TeOMeTpun — «IIPUHIUIA COXPAHEHUsT YUCIa».
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7. HEBBIPOYKIEHHBIE CUCTEMBI

Paccmorpum cucremy ypasaenuii o1 = -+ = ¢, = 0 B (C — 0)", rue
©1, ..., pn — MHOrowrensl Jlopana. Homycrum, uro Touka x € C" ¢ koop/u-
HaTaMu (Ug,...,U,) sIBJIseTCS KOpHeM 57oii cucrembl. Kopens z € (C — 0)"
HAa3bIBAETCS HEGHLPOdHCOeHHBIM, eciin Tuddepernuaibl QYyHKIUT @1, ..., ©Pn
JIMHEHO HE3aBHCUMBI B TOYKE T, APYTUME CJIOBaMH, omnpeaeurensb J(x) =
= J(u1,...,u,) Marpunsl fkobu, obmuit 4ieH KoTopoil paser Op;/0u;, OT-
JIMYEH OT HyJisl B TOYKe r. ECau KOpeHb & HEBBIPOXKJEH, TO, MO0 Teopeme 00
obparnoit dyukuu, orobpakenune ®: (C — 0)" — C", zamannoe dopmysioit

(I)(.T) = (901(‘7:)7 ) ka(l‘))a

YCTaHABJIMBAET B3AMMHO OJIHO3HATHOE COOTBETCTBUE MEK/Ly HEKOTOPOH OKPECT-
HOCTBIO TOUKH U HEKOTOPOI OKPeCTHOCTHIO Hadasa koopauaar B C. Cucrema
ypaBHeHHi @1 = - - - = ,, = 0 HazbBaercs Hesvipoorcdennotl (B (C—0)"), ecan
Bce eé KopHH HeBbIpOoXKIeHHBI B (C — 0)". B nanbreiiiem, Mbl GyjieM BCIOLy
HOHMMATh HEBBIPOXK/ICHHOCTb UMEHHO Kak HeBbIpokIeHHOCTh B (C — 0)™.

Ham moHasioburcesi TeopeMa, yCcTaHABIMBAOIAsS CYIIECTBOBAHUE JIMCKDU-
MUHAHTa JJIsI CJIEJIYIONIEr0 yTBEePIK/IeHns: o0Iasi CucTeMa ypaBHEHUH o1 =
=--- =y, =08 (C—0)" ueBbIpoXKICHHA.

TEOPEMA 8. Paccmompum cucmemy ypasHenuts Jlopara

pr="=pn=0
0Mm N KOMNACKCHBLT HEUZBECTVHBLT, KoIPPulyueHmvl, Komopoti AGAAOMCS MHO-
204AEHAMYU O, NAPAMEMPOS C1, ..., Ck. IIpednosoocum, wmo 6 “ucso napa-
MEMPOE BLOOAM CE0OOIHBIE YACHDL BCEX MHOZOUAEHOS 1, ..., ©Pn. Ecau das
xomsa 6v 00H020 HAOOPA 3HAYEHUT NAPAMEMPOS PACCMAMPUBALEMASL CUCTTLEMA
UMEEM, HEBBIPOIHCICHHOE PEULCHUE, O CYULLCMEBYEM HEHYAe80T MHo20uAeH D
om c1, ..., ¢ makot, wmo D(cy,...,cx) = 0 daa ecaxoli 6viposcdenioli cu-
cmemot.

Wnest oka3aTe/ibCTBa 3TOrO YTBEPAKJICHUST COCTOUT B CJIE/LYIOIIEM. 3aMe-
TuM, 4ro J #ABisgercd mHorowienoMm Jlopana. Ilockonbky J He paBeH ToX-
JIECTBEHHO HYJIFO IIPH HEKOTOPOM Ha0Ope 3HAYeHWil MapaMeTpoB, MHOXKECTBO
rouek B (C—0)", 3anannoe ypasuenuneM J = 0 1pu 9TUX 3HAUYECHUSIX [TapaAMeT-
poB, Maso. JIpyruvu ciaoBamu, st noarn Beex Touek u3 (C — 0)" akobuan J
OTJINYIEH OT HyJisg. MOXKHO [TO-pa3HOMy IPUIATH TOTHBIN CMBIC 3TOMY yTBEp-
XKieHnto. Hampumep, MOXKHO CKa3aTh, YTO MHOXKECTBO HyJIel sTKOOMaHa MMeeT
Mepy HyJib, WM YTO OHO HUTJIE He ILUIOTHO (CM. 3a/1a49u HIKeE).

Paccmorpum orobpaxkenue ® = (¢1,...,¢y), BBEJIEHHOE BbIIIE, IIPH TOM
KOHKDPETHOM Habope 3HaYeHUN HapaMeTpPOB, IPU KOTOPOM CHUCTEMa, MMeeT
HEBBIpOXKIeHHOe pemrenne. O0pa3 MHOXKeCTBa HyJell stkoOuaHa [pu 0Tobpa-
keunn P ToXKe JOJKEH OBITh MaJl. DTO O3HAYAET, YTO JJIS I[IOYTH JIODOM
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touky z = ((1,...,(n) B C" gxobuan J(x) OTaMYeH OT HYJIsl BO BCEX TOYKAX

xz € (C—0)" rakux, uro ®(z) = z. Apyrumu cjioBamu, IIOYTH BCE 3HAUCHMUSI

(1, ..., G, UPABBIX YacTell COOTBETCTBYIOT HEBBLIPOXKJIEHHBIM CHCTEMaM BH/I
301_C1:07 SRR @n_CnZO

ITockosibKy CBOGO/HBIE HJIEHBI MHOTOUJICHOB (; BXOJAT B YUCJIO APaMETPOB,
9TO O3HAYAET, YTO B HAIEM CeMeiiCTBe MOJIMHOMUAJIBHBIX CHCTEM HANyTCS
HEBBIPOXK/IEHHbIE CHCTEeMBI. BoJjiee Toro, mouTu Bee (B HEKOTOPOM CMBICJIE) CH-
CTEMBbI HEBBIPOK/ICHHBI.

YciioBue BBIPOXKJICHHOCTH CHCTEMBI 1 = --+ = (p, = 0 nepenuceisa-
eTCsl KaK YCJIOBHE COBMECTHOCTH IIEPEONPEJEIEHHON CHCTEMBI @ = ... =
= ¢, = J = 0. Ilo Teopeme 6 cymiecrBytor Takue mHorowiensl D u D, or
€1, - .., Ck, 9TO BBIPOXKJEHHOCTb PACCMATPUBAEMON CHCTEMbI yPABHEHHN BIe-
qér pasencrso D(z) = 0, a camo 310 pasencrso npu ycaosuu D, (z) # 0
BJIEUET BBIPDO2KJIE€HHOCTDb CHUCTEMBI. HpI/I 9TOM MHOT'OYJIECH D* OTJIMYEH OT HYJIA
B HEKOTOPBIX TOYKaX, B KOTOPBIX [ paBeH HyJIIO.

Eciu 661 MHOrOUIeH D OBLI paBeH HyJIO, TO OTCIOJ@ OBl CJIE0BAJIO, UTO
CHCTeMa BBIPOKJIEHHA JIJIsI IIOYTH BCEX 3HAUEHUIl IIapaMeTpoB ci, ..., ¢k. Ho
MBI 3HaeM, 9YTO OHa HEBbIPDO2KJ/IeHHa JIJId IIOYTU BCEX 3HaYEeHUIt ImapaMeTpoB.
Buauut, MEHOro4IeH D OTIMYeH OT HyJIsi, 9YTO U TPeOOBAIOCH JIOKA3aTh.

SAIAYUN

1. Pacemorpum nogpmuokectBo A C R™. Mbr roBopum, 4to MuHOXKecTBO A umeem
MePY HYAL, ecau It Jiroboro € > ( ero MOXKHO TOKPBITH He 00Jiee 9eM CIETHBIM
YUCJIOM IIIAPOB, CyMMa OO0BEMOB KOTOPBIX MeHbIne, ueM &. JlokaxKkure, 9To Jt00boe
TOJIMHOYKECTBO MHOYKECTBA MePbI HyJIb UMEeT Mepy HyJIb, ¥ YTO 00'beIuHeHne He bosiee
9eM CYETHOI'O UMCJIa MHOXKECTB MEpBI HyJIb UMEET MEPY HYJIb.

2. Ilycre F': R™ — R™ — riankoe orobpakenwue, npudéMm n < m. okaxure, 910
st oboro muoxkectBa A C R™ mepnl Hynb MHOXKecTBO F(A) TOXKE HMMeeT Mepy
HYJIb. YKa3anue: pacCMOTPUTE CHAYA A CJIydail, Korjga MHOXKECTBO A JIeXKUT B HEKO-
topom mape. Jjst kaxkjgoro mapa B B R™ cymecrByer takast koncranta C' > 0, 94T0
orpanmdeHne oroopaxkenns [’ ma map B yBeanauBaeT 00bEMBI MAPOB He Hojee, TemM
B C pas.

3. Bcé npocrpanctso R™ Heb3s MpeCTaBUThL B BUJIE OOBHEIMHEHUS JBYX MHOYXKECTB
MepBbI HYJIb.

4. Mycrs f: C" — C — omaugHbBI OT HYJIsT MHOTOWIEH. 3aMETHUM, YTO IMPOCTPAHCT-
Bo C" MOMKHO pacCMaTPHBATL KAK BEIleCTBEHHOE HpocTpaHcTBO R2". B uacTHOCTH,
MMeeT CMBICJ TOBOPHUTH O MHOXKecTBaxX Mephl Hynb B C™. Jlokaxkure, ITO MHOXKECT-
BO BCEX TOYEK, B KOTOpbIX f = 0, uMeeT Mepy Hy/lIb. YKazanue: OJHY U3 KOOPIUHAT
MOXKHO BBIPA3UTh KaK MHOTO3HAYHYIO (DYHKIMIO OCTAJIbHBIX KOOD/IUHAT, IOJIb3YSICh
coorHorenunem f = 0.

5. Pacemorpum muOKecTBo A C C™ Mepbl Hysb. [Ipeamosiokum, 910 3aJaHbI JIBA
muorowreHa D u D, wa C" co cienyronmumu cBoiictBamu. MHOXKECTBO TOYEK, B KO-
Topeix D = (0, He sABJsSETCA TOIMHOXKECTBOM MHOXKECTBA TO4YeK, B KOTOpbix D, = 0.
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Kpowme Toro, Besikast Touka MHOYXKecTBa A yJroBiierBopsier ypasueruio D = (), a Bestkast
TouKa, B Koropoit D = 0 u D, # 0, npunamiexxur maoxectsy A. Torma muOrO4IeH
D oryndaen ot HyJIs.

8. TEOPEMA ['MJILBEPTA

Teopema ['mapbepra ycTaHABINBAET CBSA3b MEXKJIY YHCJIOM KODHEH 0bIeit
CUCTEMBI YPaBHEHUI Ha HEKOTOPOM MHOXKECTBE U Pa3MEPHOCTHIO IPOCTPAHCTB
dyukImit Ha TOM MHOXKeCTBe. Teopema MoKeT ObIThH ChOPMYIUPOBAHA B OUCHD
o0rmeit curyanuu, HO Mbl C(OOPMYJIMPYEM TOJIBKO YACTHBIN CJIyvail, KOTOPBIi
TpeOyeT MEeHbIIIe BCEro CIeNUaIbHON TePMUHOJIOIHH.

IIyctb L — HeEKOTOpOe KOHEYHOMEPHOE IIPOCTPAHCTBO pAaIMOHAIBHBIX
dyuknuit Ha C". HammoMHUM, 9TO payuoHaabHas GYHKUUA OTIPEIEIISIETCS KaK
OTHOIIIEHUE JIBYX MHOIOYJIEHOB U, BOIIPEKU TEPMUHOJIOTUH, HE siBJIeTCs (DYHK-
et Ha Bcem C") a ompenesieHa, BoobIme TOBOPs, TOJBKO B TEX TOYKAX, TJIE
3HAMeHAaTe/Ib OTJIndeH OT HyJisl. Tak Kak [ — KOHEYHOMEpPHOe IIPOCTPAHCTBO,
CYIIECTBYeT HEHYJIeBOW MHOTOWIeH (), CJyKaluil oM 3HAMEHATEIEM JIJIsi
Bcex dyukmuit u3 L. locTrarodno paccMoTpersh JIF0OYI0 KOHEIHYIO CHCTEMY 00-
pasyonmx MpocTpaHcTBa L, n B3sITh B KadecTBe () OOIUil 3HAMEHATE b ITUX
obpasytorux. Oupeaeaum MHOKeCTBO X Kak MHOXKecTBO ToueK x € C™ Takux,
aro Q(x) # 0. Torma Beskuit smemenT mpocTpancTBa L mpejcrasisier coboit
dyukmuo va X. MoxHO Haxke ¢ caMOTo HaYaJIa, CINTATh, UTO IMPOCTPAHCTBO
L cocrour u3 dyukmuit vHa X.

Jagum Tereppb JBa OOIIMX OIpPEJEeIeHNs, OTHOCAIINXCSH K JIIOOOMY MHO-
xKecTBy X U BEKTOpHOMY mpocTpaHcTBy L dbyakiuit Ha X €O 3HAYCHUIMU,
CKayKeM, B II0JIe KOMILIEKCHBIX unces. Mbl OyieM roBopurh, 9yro L codeporcum
Koncmarmos, ecian GyHKIUS HA X, TOXKJIECTBEHHO paBHas 1, MPUHAIJICKUT
npocrpanctBy L. Torma, /i BCIKOr0 KOMILIEKCHOTO ducja A, GyHKnsg Ha X,
TOXKJIECTBEHHO paBHasl A, TaKKe IPUHAJIEXKUT IIpocTpancTBy L. CraxkeM, 1T0
L pasdeasem mouxu muootcecmsa X, ecyia Jijist JTIOOBIX ABYX PA3IUIHBIX TOUEK
x,y € X naiinércs rakasg Gynaknus f € L, aro f(x) # f(y). Obo3naunm depe3
LF BekropHOe mpocTpancTBO ByHKIMIT HA X, MOPOKIEHHOE BCEBO3MOZKHBIMIT
k-kparupivu npousseiennamu dynkumit uz L. Oynkuus hy (k) = dim LF na-
3piBaercs gynryuet Iusvbepma ipocrpancTsa L.

TEOPEMA 9 (I'MJIBBEPT). ITycmov L — koneunomeproe eexmophroe npo-
cmparcmeo payuonasviur Gynkyud na C* a X — donoanenue ¢ C™* do mmo-
atcecmea Hyaet 0bwez2o anamenamens npocmpancmea L. Ipednososcum, wmo
npocmpancmeo L codeporcum Koncmanmo, U pazdessem mouwky MHOHCECT-
6a X. Ecau pynrxuyuu o1, ..., pn € L naxodamea 6 obuiem nososrcerus, mo
CUCTNEMG YPABHEHUT

@1:---:g0n:0
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umeem posro d xopretli 6 X, 2de
hi (k)

n

d=mn! lim
k—oo

Paccmorpum mpsimoe nipoussejienue L*" (=mpsiMyio cymMMy) n KOIHiA Ipo-
crpanctsa L. Ilpocrpancrso L*" gaBisieTcss KOHEYHOMEPHBLIM KOMILIEKCHLIM
BEKTOPHBIM IIPOCTPAHCTBOM OTHOCHTEIBHO ITOKOMIIOHEHTHBIX OIEPAaIil CJ10-
JKEeHUsT 1 YMHOXKEHHUsI Ha KOMILIEKCHbIE YnC/Ia. Beskasg TOYKa IPOCTPAHCTBA
L*™ kopupyer cucremy ypasHeHuil. A umenHo, ecit ® = (p1,...,¢,), TO
Mbl Oynem mmcath ¢ = 0 g obo3HaveHUsS CUCTEMBI @1 = --- = @, = 0.
3nech aemerT @ cieyer mHTEprpeTupoBaTh Kak orobpaxkenue u3z X B C”,
nepeBosgee sneMenT © € X B BekTop (@1(z),. .., ¢n(x)). Habop dyuxumii
V1, - ., Pp ODIIETO TOJIOYKEHUSI — 3TO TaKOl HAOOP (DYHKIIMII, YTO COOTBET-
cTByIONIasg ToUKka B L*™ HaxomauTcs B OOIIEM IIOJIOXKEHUM.

Hamerum Temepb, Kak, HUCIOab3yst TeopeMmy | umiabbepra, moKa3aTb Teope-
My Kymanpernko. Paccmorpum niestouncienubiii Maororpanank A B R™. Mol
xorum Hajitn uucsio Kopreit B X = (C — 0)" y obreii cucreMbl ypaBHeHuUit
BHUJIA

p1="=pp =0,
r7e @ — MHOTOWIEHBI ¢ MHOrorpaHHmkoM Herorona A. O6ozHauunM depes
L(A) upocrpancTso Beex MHOrowienos Jlopana, muororpanauku Hbrorona
KoTOpbIX Jiexkar B A. IIpemmonoxkum (X0Tst 9TO He BCerja Tak), 9TO MPOCT-
pancTBO L(A) Cofep:KUT KOHCTAHTHI U pa3jie/seT TOYKU. B 9ToM ciydae, Mbl
MO>KEM BOCIIOJIb30BaThCs TeopeMmoil ['unbbepra — qmcsio KopHei obieil cucre-
MBI ¢ MHOrorpanHukoM Hprorona A paBHO

d =n! lim P &) .
k—o0 E™

[Tycts A — MHOXKECTBO BCeX Nenblx Todek B MmuHOrorpannuke A. Torma
hr(a)(k) paBHO "ty Towek B MHOzecTBe k x A. B camom jese, oCKOTBKY
npocrpancreo L(A) nopoxkpaercs monomamu % rvae a € A, HPOCTPAHCTBO
L(A)* mopoiaercss BCeBOBMOKHBIME Kk-KPATHLIME [IPOU3BEICHUAME TaKIX
MOHOMOB, TO ecThb MoHoMamu Buga z°, rae b € k x A. Pasuble MOHOMDI BU-
na ¥, oueBmaHO, uHElHO HezaBucuMbl. CONIACHO TeopeMe 5, UHCIIO TOYeK B
MHOXKECTBE k * A aCHMITOTHYIECKN PaBHO 00bEMY MHOrorpanamka kA, Koro-
phlii, B cBOIO 0o4epeib, paBeH k™ Vol(A). Cuenosarensno, d = n!Vol(A), aro u
yTBEpKAaeT Teopema KyIIHupeHnko.

SAIAYU

1. Hokazkure, uTo npocTpacTBo L(A) colepKUT KOHCTAHTBI TOIJA U TOJIBKO TOTA,
KOIJIa MHOTOTDAHHUK A COIEPKUT HAYAIO KOODIMHAT.

2. Ecim Bce ypaBHeHUsi cucTteMsbl @1 = -+ = @, = 0 yMHOXKXUTh HA OJUH U TOT K€
MoHOM, TO 4mcyio KopHeil B (C — 0)™ or sToro He usMenurcs (U JaxKe caMu KOPHH
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ocranyTcst Temu 2Ke). ITosromy smobast cucreMa ypaBHEHUii, JieBble YacTH KOTODOI
upunagyiexkar L(A), sKBUBAJEHTHA CUCTEMe yDPABHEHHUI, JIeBble 9acTu KOTOPOil 1Ipu-
Hayuiexkar L(A—a), riae a € Z™ — npon3BoJibHasi TOUKa. BeIGUpast a B MHOTOIDAHHUKE
A, mbl cBeZigM Teopemy KyINHUpEHKO K CIydaro, KOrjia MHOTOIDAHHUK A COIEpKUT
HAYaJI0 KOODJIUHAT.

3. K coxanennio, mpoctpanctBo L(A) He Bcerja pasfessieT TOYKH MHOXKECTBA
(C — 0)". IIpuBemure npumep Takoro Muororpanuuka A. Ykaszanue: Paccmorpure
rerpasap A ¢ Bepmmaamu B Toukax (0,0,0), (0,1,1), (1,0,1) u (1,1,0). Maororpas-
HUK A He COIep:KUT HUKAKUX JIPYTUX IeJbIX TOYeK, KPoMe BepIIuH. B caMoM jele,
BCsIKas TOYKa MHOI'OI'DAHHUKA /A HMeeT BHI

(B+7y,a+ya+6)=a0,1,1)+5(1,0,1) +~(1,1,0),

rae «, 3, v — HeoTpUUAaTeJbHbIE JCHCTBUTEIbHBIC YUC/IA, CBAZAHHBIC COOTHOINCHU-
eM a + 8+~ < 1. Eciim 10T BeKTOp MMeeT XOTs Obl OJHY HYJEBYIO KOODIUHATY
(ckazkeM, 3 + v = 0), To 110 MeHBbIIEil Mepe J[Ba U3 TPEX YuCes «, (3, 7y PABHBI HYJIIO
(B mamewm ciay4gae, = v = 0). Eciu BekTop 1iesiblii, TO ocTaBuieecs 9ucyio (B HAIEM
cilydae, () PABHO HYJIIO WJIM €JJMHNIE, 3HAUAT, BEKTODP COBNAJIAET C OJTHON M3 BEPIINH
muororpannuka A. ITycts Bee Tpu wucia «, (3, v mONoXKuATENbHLL Torma

b+~v=>1, a+~v=21, a+pg>1.

CkJiaspiBag 3T paBeHCTBa, nojtydaeM 2(a + G+ ) > 3, HIpoTUBOpEYHE ¢ YCJIOBUEM
a+ G+~ < 1. Takum o6pazom, JIjIsi MHOTOTPAHHUKA A U3 HAIIEro IpUMepa IPOCTPaH-
crBo L(A) 110poxKieHo MoHOMaMK 1, ugUg, U1Us, U1ls. BCe 9TU MOHOMBI IPUHUMAIOT
o/lHaKOBBIe 3HaUeHus B Toukax (1,1,1) u (—1,—1,—1).

4. IIpocrpancro L(A) pasaensier roukn MHOXkectBa (C —0)™ TOra u TOJIBKO TOr/Ia,
KOIJIa TIO/INPYIITA IPYNILI Z™ 10 CJIOXKEHUIO, TIOPOXKIEHHAST BCEMU IEJIBIMUA TOYKAMU
MHOTOTpanHuka A, coBmajaer ¢ Z". Yxazanue: BOCHIOIB3YHTECH CIIELYIONUM areb-
pamdeckuM HakTOM: st 1060l moarpynnsl A C Z™, cymectByer 6a3uc ey, ..., €, B
Z™ u 1eNble UCIa A1, ..., Ap, TAKAE, 9TO BEKTOPHI A1€1, ..., A€y 00pa3yioT H6a3uc
B pemérke A.

5. Ilycte A — nesounciienHblii MEOrorpanank B R pasmeproctu n, a k — jgocra-
TOYHO 6OJIBIIOE HATYpaJbHOe uuciao. Torma npocrpanctso L(kA) pasuensier Touku
muO)kecTBa (C — 0)™.

Teopema ['miibbepTa Takke BKIOUAET B cebsi KAUECTBEHHOE YTBEPKICHUE,
SIBJISIIOIIEECS OJHUM U3 BBIPaKEHUIl IPUHIINIIA, COXPAHEHUs IUCIa. A UMEHHO,
nycTh L — KOHEIHOMEPHOE MMPOCTPAHCTBO paInoHaJ bHbIX Gyakiuit na C™, a
X — nonosinenne B C" 10 MHOXKeCTBa HyJjieil o0Iero sHaMeHaTe st IPOCTPaH-
crBa L. U3 reopembl 'miibbepra ciiemyer (1o Kpaitaeit mepe, eciu L cojepKuT
KOHCTAHTBI U PA3JIEJIsieT TOYKH), 9TO CYIIECTBYET TAKOE IeJI0€ HEOTPUIATE b
HOE THCJI0 d, ITO CHUCTEMAa ODIIMEro MMOJIOKEHUST

pr="=pn=0,

rie @; € L, umeer poBHO d kopHeit B X.
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9. ITPOCTPAHCTBO L(A)

Pacemorpum nentounciiennsiit Maororpanauk A 8 R™. B cienyromux jaByx
pazziesiax Mbl JoKazkeM Teopemy ['miibbepra juist mpocrpancTsa L(A), a 3a01H0
YTOYHUM, YTO 3HAYUT «CHUCTEMa OOIIEro IOJIOKEHUS», TO €CTh BBIICHUM, KaK
BBIIJISIIUT COOTBETCTBYIOIUiT nuckpuMuHanT. Besikyio dynknuio ¢ € L(A)
MO2KHO 3aIUCATh B BUJIE

o(z) = Z Aax®, Ay € C.

aEANZ"
[Iycts ' — rpans mHOrorpanHuka A. O603HaINM depe3 or PYHKIUIO

or(z) = Z AaZ”.
acl’'NZ™
OyHKIUS Y1, HA3bIBaeMasi cyoicenuem Gynryuu @ 1a epansd I, coctont u3 Tex
TICHOB MHOTOYJIEHA (0, KOTOPBIE COOTBETCTBYIOT TOUKaM Tpanu . Samermm,
9TO HEKOTOPO#l 3aMEHOI MePEeMEHHBIX MOYXKHO IPUBECTU (DYHKIIUIO (r K MHO-
rowieny JlopaHa OT MEHbBIIErO YHUC/Ia KOMILIEKCHBIX [IEPEMEHHBIX (KOJIUIEeCTBO
CYIIECTBEHHBIX TIEPEMEHHBIX PABHO pa3MepHocTH rpanu [).

Paccmorpum ssement @ € L(A)*™. Ecin @ = (1, ..., ¢n), TO 31ement Pp
onpejiesisiercss Kak (1, ...,%y,), Tae 1; — cyxkenue GbyHKIUN ; Ha TpaHb L.
[Tockosbky Bce dyHKIMHU 15, ¢ = 1,...,Mn, IO CYIIECTBY, 3aBUCAT OT MEHBIIIErO
qncia nepeMeHubrx, cucrema P = 0 mepeornpenenena. OTcioga HETPY/IHO BbI-
BECTHU, UTO IPHU JIOCTATOYHO obiteM Buibope P, aTa cucrema He mMeeT KOpHENL.
Bripazkasice Tounee, Ha npocrpancTse L(A)*™ onpeesién HeHy/IeBO# MHOTO-
wieH (3aBucsiuii ot I') co caeayomum CBORCTBOM: €CJIM 9TOT MHOTOYJIEH He
obparmaerca B HyJb, TO cucrema P = 0 mHe mmeer kopmeit. PaccmarpuBast
[IPOM3BEJIeHIe TaKUX MHOT'OWIEHOB IO BCeM COOCTBEHHBIM rpaHsiM | MHOrO-
rpaHHuKa A, MBI MOXKEM 3aKJIIOYUTh, 9T0 cucrema Pr = 0 He mMeeT KopHeit
HU JJIsT OHOM coberBenHo rpannu I, ecan ® BuIOpaHa o0IIIM 06pPa30OM.

TEOPEMA 10. IIyecmv X = (C — 0)". IIpednoaosicum, wmo L(A) codep-
alcum Koncmanmo, U pasdeasem mouxy mmooicecmea X. Paccmompum sne-
menm © € L(A)*™ maxotl, wmo cucmema ® = 0 nesviposicoenna, a cucmemvt
®r = 0 ne umerom xopreti das ecex cobcmeennnr eparets I' mrozoeparnuka
A. Tozda gynxyua Fuavbepma hpay(k) acumnmomunecku pasna n!dk™, 2de
d — wucao xoprel cucmemv, = 0.

BamernM, 9To TpuBenEHHOE yciaoBue Ha sgemeHT P € L(A)*™ neiicrBu-
TEJIbHO SIBJISIETCS YCJOBUEM OOIIEro MoJIoyKeHus. [Ipo yeaoBust Ha CyKEHUSI
MBI 3T0 y2Ke obcynmmu. HyKHO TosbKO ybenuTrbest B ToM, uTo cuctema ¢ = 0
HEBBIPOXKJIeHHA, ecyin ® HaxojauTcss B o0rieM mojioxkeHuu. Ho 310 BbITeKaeT
13 TeopeMbl 8, YUUThIBasi, 9TO HPOCTPaHcTBO L(A) cOomepKUT KOHCTAHTHI 1
ITO MOYKHO TPUBECTU MPUMEP TAKOW CHCTEeMBbI ¢ MHOTOrpanunkoM HbioTona,
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JlexkaryuM B A, KoTopasi UMeeT 110 KpaiiHeli Mepe OJUH HEBBLIPOXKJICHHBIA KO-
peHb (mpuBeUTE TAKON Ipumep!).

Kax mMbr Bujen, u3 9TOoro BapuaHTa TeOpeMbl | mibbepTa BBITEKAET TEO-
pema KymHupeHko — B 1pejinosioxkennn, 94to npocrpanctso L(A) compepxkut
KOHCTAHTBI M paszeiser Todku. C Apyroil CTOPOHBI, KaK Mbl 3HAEM, BCErIa
MOXKHO IIPEIoJIaraTb, 9To npocrpaictBo L(A) copep:KuT KOHCTAHTBI (3TOro
MOXKHO JIOOMTBCSI, IOMHOYXKHUB TIPOCTPAHCTBO L(A) Ha HOIXOISIIUNA MOHOM).
Ho uro nenarb, eciiu L(A) e pazpensier roukn? Kak Mbl Bujenn (cum. 3a-
a9 B pasfeiie 8), 9T0 O3HAYAET, UTO IIeJIble TOYKH B MHOrOrpaHHuke A He
ITOPOXKJIAIOT PENIETKY Z™ KaK I'DYIILY 1O CJIOXKEHHIO.

Pacemorpum cucremy ypasrenuit = 0 ¢ mHOororpanaukoM Herorona A,
YZIOBJIETBOPSIIOILYIO BCeM yCJIoBusiM TeopeMbl 10 (3a MCKJIIOUEHHEM TOrO, 9YTO
L(A) pasuessier TOUKE — UMEIOTCsI B BUJLY UMEHHO yCJIoBUs Ha cucremy @ = 0,
a He ycsioBusi Ha MHOrorpaHHuK Hbiorona). Temeps mojacraBum BMeCTO x Ha-

00p KOOpAUHAT (ulf, e uﬁ), rie k — nesoe nosioxkuTeabHoe ducyo. [lomyanres
HOBasl CHCTEMa, C IEPEMEHHBIMU U1, ..., Uy. KaK JErko BHJIETb, MHOIOI'DAH-

Huk Herorona HOBOi cucrembl paen kA. Kpome Toro, HeTpyaHO IPOBEPUTD,
9TO HOBAs CHCTEMa TOXKE OYIET yIOBIETBOPATDL BCEM YCJIOBUAM TeopeMbl 10, u
YTO BCAKOMY KOPHIO CTApOl CHCTEMBI COOTBETCTBYET POBHO k" KOpHEll HOBOI
cucTeMbl (IOJIYYAIONIUXCsT 38 CIET HEOHO3HAYHOCTH W3BJICYEHUsI KOPHsI k-it
CTEIeHn 13 KOMILTEKCHOro uncia). [Ipu pocrarouno GosbimoM k mpocTpaHCT-
Bo L(kA) Gyner pasjensiTb TOYKU, U Mbl MOYKEM BOCIIOJIB30BATHCS TEOPEMOIL
Kymuaupenko misg muororpannuka kA. CornacHo 3Toil Teopeme, HOBasl CUCTE-
Ma UMeeT POBHO

n!Vol(kA) = k" n!Vol(A)
kopHeii. C JIpyroit CTOPOHBI, YUCJO KOpHEH HOBOI cmcreMmbl poBHO B k™ pa3
0OJIBITIE YUCTIa KOPHEH CTApOll CHCTEMbl. SHAMUT, CTapas CHCTEMA NUMeJIa POBHO
n!Vol(A) kopueii, uTo 1 TpebGOBAIOCH JI0KA3ATh.

JokazarenbcrBo Teopembl 10 OysieT cOCTOSTh U3 JBYX SIBHBIX OIEHOK Ha
dbyuknuio 'masbepra npocrpancrsa L(A) B TepMunax ducia d.

3A0AYU

1. Ilycte W — HeKOTOpOE BEKTOPHOE MOAIPOCTPAHCTBO B R™, MOPOKIEHHOE IIEJIO-
YUC/IEHHBIMU BeKTOpaMu. Torma Haiiércs cucreMa BEKTOPOB a1, - - ., G, € Z' Takas,
qT0 J1I000# BekTOp a m3 W N Z™ eauHCTBEHHBIM 00Pa30M 3aIUCHIBACTCS B BUJIE

a:)\1a1+"'+)\rara

riae A\; € Z. 31ech 4UCJIO T COBIaJ@eT ¢ pa3sMepHOCTbIO mpocrpancTtBa W. Cucrema
BEKTOPOB @1, . .., G, C YKA3AHHBIM CBOINCTBOM HA3bIBaeTCH basucom pewémru WNZ™.

2. Ipeamonoxum, aro Muororpanuuk Hpoorona A muorowrena Jlopawa f Jexkur
B adduUHHOM TOAIIPOCTPaHCTBE TpocTpaHcTBa R”™, mpoxoaseM depe3 TOUKy a € Z™
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U IapaJjiyiesibHOM BeKTopHOMY nojmnpocrpanctBy W C R™. O6o3natum gepes aq, . . .,
a, 6a3uc pemérku W N Z". lokaxure, uro MuHOrodsien Jlopana x~%f moxer ObITh
3amnmcaH Kak MHorowieHn Jlopana ot x%, ..., % .

10. OLEHKA CHU3Y

B srom pasnesre mbr jokaxkeMm, uTo dyHkius ['mabbepra mpocTpaHCcTBa
L(A) pacrér me cammkom me/geHno. Ham monamoburcest ciemyroriast Bepcust
MHTEPIIOJIAIINOHHOM Teopembl Jlarpamnxka.

TEOPEMA 11. Paccmompum muooicecmeo Y uz d < 0o mouex, a maxaice
HEKOMOpoe Npocmparcmso L xomniexcrosnauwnoix gyrxuud wa Y . Ipednoao-
otcum, wmo L codeporcum koncmarnmo, u pazdeasem movxu. Tozda das ecarozo
yenozo wucaa k > d—1, npocmpancmeo LF cosnadaem ¢ npocmpancmeom ecex
Ppyrruul Ha Y .

JIOKABATEJIbCTBO. Jlas kaxkjgoro sjementa r € Y, ompeaennmM (QyHK-
o §,, KOTOpasi paBHA JIUHUIE B TOUKE X U HYJIIO BO BCEX OCTAJbHBIX TOUKAX
muokecTBa Y. TTokaxeM, uro 6, € L1, Jlns kaxoro siaemenra y € Y, o1-
JIMYHOTO OT «, BeibepeMm dynkimio f, € L rakyio, uro fy(x) # f,(y). Takas
bYHKIMS CYIIECTBYET, MOCKOIbLKY L pazmesser Touku. Ternepb 3aMeTUM, UTO

5, = T Lr=fulw)

T @ )

[TockosibKy mpaBast 9acTb saBjsgeTcs npousseienneM d — 1 dyukiun u3 L, Mbl
nostydaeM, 4o &, € L1 (MBI 37€Ch BOCIOIBL30BAMMCH TEM, YTO KOHCTAH-
tel fy(x), fy(y) npunamrexar npocrpancrsy L). Kax serko Buuers, mobyio
dyeRImoo f Ha Y MOXKHO NPENCTaBUTH KakK JIMHEHHYI0 KOMOMHAINI (DYHK-
muit dy:

F=> f(x)ba.

zeY

CuteioBaresbHO, mpocTpancTtso L4~ coBmagaer ¢ mpocTpaHcTBOM BeeX (DyHK-
it ma Y. st Beex k > d — 1 mpocrpasctBo LF Toxe coBmagaer ¢ mpocTpa-
crBOM Beex dyHKIui Ha Y, Tak Kak L comepxut 1. O

Temepp MBI MOXKEM JIOKA3aTh OIEHKY CHuU3y Ha pocT pyHKImu ['uanbep-
ta npocrpancrea L(A). Tlpu Hammx npejio/ioKeHnsiX Ha MHOTOIPaHHUK A,
npoctpacTBO L(A) comepKUT KOHCTAHTBI U Pa3/IesisieT TOUKH.

TEOPEMA 12. Jonycmum, wmo npocmparcmeo L xomnaexcHur gyHryud
MO HEKOMOPOM MHoxcecmee X codepicum KOHCMAHMbL U PA3OEAAEM MOYKU.
IIpednonoorcum maxorce, umo 6 X natidymcsa Henepecexarowuecs nooMHoce-
cmea Uy, ..., Ug u pyuxuyuu o1, ..., ©n € L makue, wmo omobparcerus
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®;: U; — C", sadannvie gopmyramu

®i(z) = (¢1(), ..., pn(2)),
nPeOCMasAAIOM 830UMHO 00HO3HAUHBIE coomaememeus meancdy U; u nexomo-
PoMU omEPLIMBLMU NodMHodicecmaamy, Vi 6 C™, codeporcaujumu 0. Haxoneu,
nompebyem, wmobv, ors ecarxot pynxyuu f € L dynxyuu f o @;1 bviau bec-
xonewho dugdeperyupyemouimu 6 0 6 cmuicae KomnaekcHozo anasusa. Tozda
umeem mecmo ouenka hp(k+d—1) > d (”Zk)

3amernm, 4TO B yciaoBuu teopembl mosie C MoxkHO 3aMeHuTh 1ojieM R jieii-
CTBUTEJ/IBHBIX YUCEJI. ILOKa:BaTeJIbCTBO HE NSMEHUTCA.

JIOKA3ATEJILCTBO. Hauném ¢ sjieMeHTapHOTO BbIYHUCIeHUsS. HerpymHO
MTOCYUTATH IUCJI0 MOHOMOB OT M MEPEMEHHBIX cTerneHn < k. OHO B TOYHOCTH
paBHO (n:k) (EC.HI/I quTaTe/Ib HEe 3HaAKOM C 9THUM BbIYUCJICEHHEM, TO PEKOMEH-
JIYETCSI €0 MPOJIe/IaTh; UJiesi COCTOUT B TOM, YTO BCSIKHUI TAKONH MOHOM MOXKHO
3aKO/IMPOBATDH IIOCJIE0BATEIHLHOCTHIO U3 Kk HyJIel U N eJINHUIL, B KOTOPOH HYJIN
KOAUPYIOT II€EpEeMEHHbIC WJIM KOHCTAHTY 17 a €JUMHUIIBbI OTJACJ/IAIOT Pa3JIMIHbIC
[epeMeHHbIe JIDYT OT JPYyTa, a TaKzKe IePEeMEeHHbIe OT KOHCTAHTHI 1).

Paccmorpum Terieps BEeKTOPHOE IPOCTPAHCTBO Py, HAJL ITOJIEM KOMIIJIEKCHBIX
qHces1, CoCcTosiIee u3 HabopoB (p1,. .., pq) MHOrowieHos p; Ha C™ cremnenu He
Beimie k. PasmeprocTs mpoctpancTBa P paBHa d (”Zk), COTJIACHO YIIOMSIHY-
TOMy BbluncjaeHuio. Oneparuu CJI02KEHUsI BEKTOPOB U YMHOXKEHUsI BEKTOPOB
Ha KOMIUIEKCHBIE YUCJIA B IPOCTPAHCTBE Pk BBINOIHAIOTCH TOKOMIIOHEHTHO.
OmpeesmM uneiinoe orobpaxerne 7 : LA™l — Pp ciemgyonmm obpaso:
byukuus f € LFF4! nepexomur B naGop (pi,...,Pq), B KOTOPOM MHOIOUJICH
P; TPEICTABJISAET WIEHBI MOpsijika < k B CTEHEHHOM DAa3JIOyKeHUH (PYHKIIAN
fo <I>l._1 B HaJaJle KOOP/MHAT.

MpbI x0TUM H0Ka3aTh, ITO 0O6pa3 MPOCTPAHCTBA pu 0TOOPaKEeHUN
T coBnagiaer ¢ Pyr. Apyrumu cioBamu, i BCSIKOTO HabOpa MHOTOYJIEHOB
Pis- .., Dd, MOXKHO Haiitn ¢yukimio f € LFT4~1 rakyio, aro cremennoe pas-
JioxkeHne pyHKuu f o (I>i_1 B OKPECTHOCTHU Hadaja KOOPIUHAT HAUNHAETCS B
TOYHOCTHU C MHOTOUIEHA P;. JIOCTATOYHO MPEIITOIOKUTD, YTO OJUH MHOT'OYUJIEH
D; SABJISIETCS MOHOMOM CTerenu k, a OCTaJbHble MHOTOYJIEHBI PABHBI HYJII0. Fc-
JIM MBI JIOKAXKEM yTBep:KJIeHUE JJIsl 9TOr0 YaCTHOIO CJIydasl, TO, MOJIb3YsICh
0TOOPAXKEHUSIMU Tj, TIPU PASJIMIHBIX Kk ¥ CBOMCTBOM JIMHEHHOCTH STUX OTODOPa-
JKEHUl, MOXKHO TOJIYIUTH U 00Iiee yTBep:kaenue. Mrak, nomycrum, 910

pi(Ch"an): 10,1 (_:gn

Pacemorpum dyskimio fo = ¢f! - ... - @i, deno, aro mp(fo) mmeer Bun
(piy- .., pi) (HA Bcex Mecrax CTOMT OJMH M TOT YK€ MOHOM P;). DTO BBITEKAET
U3 TOro, 4TO (DYHKIHUA (0 O <I>;1 coBlaJaer ¢ (j Jus Kaxgoro [ = 1,...,d.

Lk—i—d—l

Iycrs x; = @;1(0). Torma dyukius f = d,, fo yIOBIETBOpPSIET YCJIOBUIO
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mk(f) = (0,...,ps,...,0) (Ha i-M MecTe CTOUT p;, HA OCTATBHBIX MECTAX HYJIN ).
Kpome Toro, Kak HeTPyIHO BHIETD, f € LFTd—1, .

MbI MOXKeM NpUMEHHTH 3Ty TeopeMy K mpocrpanctBam X = (C — 0)" u
L = L(A). Eciu @1, ..., ¢, € L(A), u cucrema ypaBHeHUW# @1 = ... =
= ¢, = 0 HeBBIpOXK/IEHHA, TO, 10 Teopeme 00 obpaTHOU QyHKINM, HAKITYTCS
Takue HerepecekamIuecsi okpecraoctu Uy, . .., Uy KOpHEit 3TOil CUCTEMBI, ITO
orobpazkenne ®: X — C", 3amanmnoe dhopmystoit

CD(J:) = ((101(1')7 R Qpn(l‘))v
OCYIIIECTBJIIET B3AUMHO OJTHO3HAYHOE COOTBETCTBUE MeXK 1y U; U HEKOTOPBIMU
okpecTHOCTsiIMU Hadaja KoopgauHat B C". Ob6ozuaunm depe3 ®; orpanuueHue
orobpazkenust ® ua U;. Jlerko Bumerhb, 9TO BCE YCJOBHSI TEOPEMBI 12 BBIIOJI-
HeHbl. MBI MOKeM 3aKTI09nTh, 9To dyHKIusA ['nipbepra mpocrpancrsa L(A)
YJIOBJIETBOPSIET HEPABEHCTBY

dim L(A) > d <” * k)
n

11. OLEHKA CBEPXY

Haxomer, HaM HY2KHO ITOCTPOUTH OIEHKY CBEPXY Ha pocT MyHKInH | mib-
6epra npocrpancrsa L(A). Ilepssiit mar Takoit.

[MPEAJIONKEHUE 13. ITyemo cucmema © = (@1,...,¢n) € L(A)*™ ydo-
saemeopsem ecem ycaosuim meopemv, 10. Tozda das scarol dynryuu
f € L(A) natdémes maxas xoncmarnma C > 0, wmo

IfI < Cleal + -+ lon| +1).

[Mocaenuee HepasencTBo (oreHKa cBepxy Jyist |f|) o3nadaer, uro, Hedop-
MaJIbHO TOBOPSI, ¥ CUCTEMBI (01 = -+ - = (p,, = 0 HeT KOpHeii Ha GECKOHETHOCTH.
JlokazaTeIbCTBO 9TOrO IpeIoKeHus: Oymer pas3dburo Ha 3amaqu. [Ipu sTom
HCTIOIB3YIOTCs 3a7a9n 3 1 4 3 paszgena 1.

SAIAYU

1. Pacemorpum cucremy byHKIMA @1, ..., @, € L(A) 1 HeKOTOpPYIO TOUKY a € A.
IIpeaonoxumM, aro s Besikoro € > 0 Haiinércsa rouka € X = (C—0)™ Takas, 4ro

1 (@) + -+ + lpn(2)] < ],

u TIpH 3TOM |2%| cKoub yroguo Besmko. Tora Haiijéres cobeTBeHHAsI rpalb I' MHOTO-
rpaHHuKa A €O CJIEAYIONIM CBOHCTBOM: JiJist Besikoro € > 0 Haiinéres Touka r € X
TaKasl, 9TO

lprr(@)] + - + lpnr(2)] < elz’],
rie b — HexoTopad Tead TouKa Ipanu I'. 31eck ¢; r 0603HaUaeT cyKenne OyHKITIH
(; Ha rpasb .
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2. Ipeamonoxum, 9ro cucrema QYHKIWMHE @1, ..., @ € L(A) obmamaer ciemyio-
UM CBOMCTBOM: JIJIsI BCSIKO# coOcTBenHOi rpamn I Muororpananka A, dyHKInm ¢; 1,
i=1,...,n, He oOpaIarTCs OJJHOBpEMEHHO B Hysb Ha X . Torma s Besikoit pyHK-
mun f € L(A) naiinéresa rakas xkoucranra C' > 0, aro |f| < C(lp1]| + -+ + |on] + 1).

Pacemorpum cucremy ® € L(A)*™, yioBJIETBOPSIIONLYIO BCEM YCJIOBHSIM
reopembl 10. Hanomuum, aro & MOXKHO paccMaTpuBaTh KakK (DyHKIUIO U3
X = (C - 0)" B C". CymecrByer HeHyseBoil MHOrowIieH D or n mepeMeH-
HBIX, Takoii, uro npu D(z) # 0, cucrema ypasuenuii ®(z) = z umeer posHO d
KOpHeii. 1o BeITeKaeT u3 TeopeMbl 8. 3ameruM, uro P —z € L(A)*"™, 110cKOIIb-
Ky npocrpanctso L(A) conepskut komcrantel. Ilycrs f € L(A)F (mamommm,
uro mpocrpanctBo L(A)F mopoxiaercss BceBOZMOXKHBIME k-KPATHLIMHI IIPO-
u3BesieHnsIMu 31eMeHToB npocrpancrsa L(A)). Oupejennm takyio dbyHKIUIO:

Siz)= Y fla),
P(z)=2

rje cymma 6epércsi o BceM KopHsiM @ € X cucreMbl ypashenuit ®(x) =
Sra QyHKIM OlpeiesieHa it BeeX 3HadeHuii z, 1y KoTopbix D(z) # 0. Ham
ITOHAIOOUTCS CJIEJIyIONIee yTBEPK/IeHNe

zZ.

IIPE/VIOXKEHUE 14. Ecau f € L(A)k, mo dynxyus Sp odnosnauno npo-
doaoicaemcs 00 HeKomopozo0 mHo2ouaeHa cmenety < k.

JlokazaTebeTBO 3TOTrO yTBEPZK/IEHUs OyJIeT MPEICTABICHO B BUJIE PSJIA 3a-
na4d. Ho chavasia, 10JIb3ysiCh 9TUM YTBEPXKJIEHUEM, MbI JOKayXKeM BEPXHIOI
OILIEHKY Ha pa3MepHOCTh mpocTpanctsa L(A)F,

TEOPEMA 15. B npednosoorcenusx meopemwv, 10, dynruyus uasvbepma
npocmpancmea L(A) ouenusaemes ceepry caedyrouyum o6pazom:

dim L*(A) < d<”+ brd= 1).
n
JIOKABATEJIBLCTBO. Ilycrs 29, ...,2Y — Bee KopHH HeBBIPOXKeHHOII cu-
crembr ®(x) = 0. Pacemorpum Taxkue dyHKImu gi, ..., gg € LH(A), uro g;
paBHa eIUHNIE B TOUKE m? U HYJIIO BO BCEX TOYKAX m?, j #i. Torma, mjst Besi-
koro z € C" mocrarodHo GJIM3KOrO K HyIO, BeKTOPHI (¢ (1), ..., gi(zq)) (rme
Z1, ..., g — Bce KopHH cucreMbl P(x) = z) ymuneiino HesaBucuMbL. COIIACHO

upeoxkennio 14, dynxknum Sy, OMHOZHAYHO MPOJOJIZKAIOTCS /10 HEKOTOPBIX
MHoro4aeHos cremnenu k + d — 1 na C™.

Ilycts p1, ..., pg — MHOrOWIeHBb! crenenu k + d — 1 ma C". Homycrum,
MBI 3HaeM, 4To Spg, = p; IpH Bcex ¢ = 1,...,d. W3 sroro yciosusa dyHKIMs
f BoccTamaBIMBaeTCs OAHO3HAYHO. B camMoMm jesie, Jijisi TOTO, 9TOOBI HAWTHU
sHaveHust QYHKIUK f BO BCeX KOPHSIX & cucTeMbl ypaBHeHuil ¢ (x) = z, HyKHO
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PelIUTh JUHEHHYIO CUCTEMY

g1(z1) f(z1) + -+ g1(2a) f(za) = p1(2),

ga(za) f(wa) + - - ‘i"‘g.d(xd)f(xd> = pa(2)

OTHOCUTENBHO HemsBecTHBIX f(x1), ..., f(xg). Corsacuo Hamemy BbIGODY
dyHKIMIL g;, 9T CUCTEMA UMEeT eJIMHCTBEHHOE PEIeHNe MIPU JOCTATOTHO Ma-
JleHbKuX 2. Takmm obpasoMm, dpyHKIUS f MOJHOCTHIO BOCCTAHABINBAECTCS, IO
KpaiiHeil mMepe, it Takux Todek © € X, uro ®(z) sexur B Masoil OKpecT-
HOCTH Hadaja KoopauHar. OpHako, Oyiaydn MHOTOUWIEHOM JlopaHa, (yHKIUsI
f yKe MOJIHOCTBIO ONPEJIE/ISeTCsl ITUME 3HAYCHUSIMU (MBI [IOJIB3YEMCsT TAKUM
npocThiM (akToM: ecyin JiBa MHOTOWIeHa Jlopana COBIAJAI0OT HA OTKPBITOM
MHOKECTBE, TO OHH COBIIAJIAIOT BE3/Ie).

Tenepb, YTOOBI ONEHUTH CBEPXY PA3MEPHOCTH MPOCTPAHCTBA (DYHKIUI
f € LF(A), mocratouno mocuuTaTh Pa3MEPHOCTH HPOCTPAHCTBA Piiq_1 BCEX
HabopOB (p1, . ..,pq) U3 MHOrOWIeHOB crenenn < k+d—1 na C". PasmeprocTs
[TOCJIETHETO MTPOCTPAHCTBA MBI Y2K€ BBIYUCJISIIN, OHA DAaBHA

d<n+k+d_1>.
n

TeMm caMbIM 2Kejtaemast OICHKa JOKa3aHa. Il

Mgl Teneph OIYYIUIN KaK BEPXHIOIO, TAK M HUKHIOIO OIIEHKY IJIsl (PYHKITUU
Funabbepra npocrpancrea L(A). Samernm, 9To 00€ OINEHKH aCHMIITOTHYECKH

d n
paBHBI —'k . DTO 3aBepIIaeT J0Ka3aTeabCcTBO Teopembl 10.
n:

Ham ocTajioch TOJIBKO H0Ka3aTh npeioxenne 14: aas f € LF(A) dbynk-
s Sy OJHO3HAMHO MPOJOJIZKaeTcs J1o moauHoMa Ha C", crenensb KoToporo ne
IPeBOCXOUT k. DTO JOKA3aTEIbCTBO PA30UTO HA 3aJaUi, HEKOTOPBIE U3 KOTO-
PBIX TPEOYIOT 3HAKOMCTBA C OJTHOMEPHBIM KOMILIEKCHBIM AHAJIM30M (8 MMEHHO,
C TIPOCTEHIIINME CBOMCTBAME TOJIOMOPMHBIX (DYHKIHIT OT OHOIN HEPEeMEHHOI ).

SAJAYN. Hanomunm, uro dyskuus Sy onpezesnena Ha gononsernn B C™” ko MHO-
xkectBy D = 0, e D — HEKOTODBIil HEHYJIEBOII MHOTOUJIEH.

1. JTokazkure, 9TO cymecTByer Takag Koncranra C’ > 0, 9to
1S7(2)] < C'(l2a] + -+ + |za] + DF
Vxasanue: 970 BbITEKAET W3 MMEIOIIEHCsT ONeHKYN Ha (DyHKIUO f:

1< Cleal + -+ [en] +1).

2. ITycrb A — rakas npsimas B C", yro orpanndenune MuHorodwiena D na A He paBHO
TOXKJECTBEHHO HYJII0. T0r1a, 110 OCHOBHO# TeopeMe ayredpbl, OrpaHuYeHIe MHOIOYJIe-
na D na A obpariaercst B HyJIb TOJIBKO B KOHEYHOM YHCJIE€ TOYeK. PaccMorpuMm orpa-
HudeHne QyHknun Sy Ha npaMmyio A. Jlokaykure, 9TO 3TO OrpaHUYEHHE OIHO3HATHO
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IpoJIoJIzKaeTest J1o MHOorodwaena Ha A cremenu < k. Ykasanue: Bocnosb3yiiTech cire-
JytormumM (hbaKkTOM, BBITEKAIOIINM U3 T€OPeMbl 00 YCTPAHUMOW OCOOEHHOCTH U Teope-
™Mbl JInyBmuis: eciin rogomopdHas QYHKIMA b OT OHON KOMILIEKCHO! IT€peMEeHHOM
ompejiesiena Ha Beem C, 3a MCKJIIOYEHHEM KOHEYHOIO UHCJIA TOYEK, OIPAHUYEHHA B
HEKOTOPBIX MPOKOJIOTBHIX OKPECTHOCTSIX TUX TOUEK, W YIAOBJIETBOPSET HEPABEHCTBY
|h(u)| < O(|u| + 1)* Bo BCeit obmacTn onpeneennsa ars wekoroperx O,k > 0, To h
OJTHO3HAYTHO TIPOJIOJIXKAETCsI 10 MHOTOWIeHa Ha C, cTerneHh KOTOPOro He TpeBhITaeT k.
3. Ilpeanonoxkum, uro dbynkmus F omnpenenena na C2, n 4To orpaHmuenme 3Toit
JyEKINIE Ha Begkyio npamyilo B C? gBIgeTcd MHOTOWIEHOM CTEIleHH He BEIIe k.
Torma u cama dyaknust F' gBjIseTCss MHOIOYJIEHOM CTEIeHN He BbIlie k. Ykazanue:
paccMoTpuM Habop u3 k + 1 mapaJsuiesibHbIX OPSMbIX. BBeaéM koopauuaTsl (u,v) Ha
C2, rakue, 4TO BHIOpAHHbLIC MapasIeTbHbIe IPAMbIE 33J1aI0TCs YPABHEHUAMI U = v;,
i =0,...,k. ITo npexnonoxenuio, dyuknun F;(u) = F(u,v;) ABISIOTCS MHOTOWIE-
mamu oT u. Onpemennm muorowien G mo dhopmysie

k
[Tz (v —vy)
G =) Fu)z=""—=.
(U7 U) ; (U) Hj;éi (v; — Uj)

Torma G coBuajaer ¢ F' Ha KaxKJI0ii psIMOIi, niepecekatoteil k + 1 BRIOpaHHBIX IIPsi-
mbix. CieroBaresnsuo, G = F' Beromy.

4. Jokazkure, 4r0 dyHKIUA Sy, ONPEEIEHHAS BBIIIE, OJHO3HAYHO IIPOJIOJIZKAETCS [0
muorowreHa Ha C™, creneHb KOTOPOTO HE IPEBOCXOMUT k. YKazaHue: BOCIONIB3YHTECH
pe3yabTaToOM 33/1a9u 2, U 0000IUTe PACCYKIACHU U3 33a49H 3.
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